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Demand Response: Demand 

❒  Electricity demand: highly time-
varying  

❒  Provision for peak load 
q  Low load factor 

•  National load factor is about 55% 
q  Underutilized  

•  10% of generation and 25% of 
distribution facilities are used less 
than 5% of the time  

❒  A way out: Shape the demand 
q  Reduce the peak 
q  Smooth the variation 

 
Source:  DoE, Smart Grid Intro, 2008 



Demand Response: Generation 

❒  Supply becomes highly time-varying 
q  steady rise of renewable energy resources 

•  Intermittent generation 
q  Large storage is not available 

❒  A way out: Match the supply 
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Demand Response 
Use incentive mechanisms such as real-time pricing to induce 

customers to shift usage or reduce (even increase) consumption  
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Main issues  
The	
  role	
  of	
  u@lity	
  as	
  an	
  intermediary	
  	
  

q  Play	
  in	
  mul@ple	
  wholesale	
  markets	
  to	
  provision	
  aggregate	
  power	
  
to	
  meet	
  demands	
  
•  day-­‐ahead,	
  real-­‐@me	
  balancing,	
  ancillary	
  services	
  	
  

q  Resell,	
  with	
  appropriate	
  pricing,	
  to	
  the	
  end	
  users	
  	
  
q  Provide	
  two	
  important	
  values	
  

•  Aggregate	
  demand	
  at	
  the	
  wholesale	
  level	
  so	
  that	
  overall	
  system	
  is	
  
more	
  efficient	
  

•  Absorb	
  large	
  uncertainty/complexity	
  in	
  wholesale	
  markets	
  and	
  
translate	
  them	
  into	
  a	
  smoother	
  environment	
  (both	
  in	
  prices	
  and	
  
supply)	
  for	
  the	
  end	
  users.	
  

How to quantify these values and price them in the  
form of appropriate contracts/pricing schemes? 



Main issues  

U@lity/end	
  users	
  interac@on	
  
q Design	
  objec@ve	
  

• Welfare-­‐maximizing,	
  profit-­‐maximizing	
  
q Price-­‐taking	
  (Compe@@ve)	
  vs	
  Price-­‐an@cipa@ng	
  (Game)	
  
q Price	
  of	
  Anarchy	
  
q Risk	
  assessment	
  (possible	
  value	
  of	
  Anarchy)	
  



The basics of supply and demand 

❒  Supply	
  func@on:	
  quan@ty	
  demanded	
  at	
  given	
  prices	
  

❒  Demand	
  func@on:	
  quan@ty	
  supplied	
  at	
  given	
  prices	
  

❒  Market	
  equilibrium:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  such	
  that	
  	
  
q  No	
  surplus,	
  no	
  shortage,	
  price	
  clears	
  the	
  market	
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Problem setting 

❒  Supply	
  deficit	
  (or	
  surplus)	
  on	
  electricity:	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  weather	
  change,	
  unexpected	
  events,	
  …	
  

❒  Supply	
  is	
  inelas@c	
  

Problem:	
  How	
  to	
  allocate	
  the	
  deficit	
  among	
  demand-­‐
responsive	
  customers?	
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Supply function bidding 

❒  Customer	
  	
  	
  	
  load	
  to	
  shed:	
  	
  
	
  

❒  Customer	
  	
  	
  	
  supply	
  func@on	
  (SF):	
  

q  the	
  amount	
  of	
  load	
  that	
  the	
  
customer	
  is	
  commiZed	
  to	
  shed	
  
given	
  price	
  	
  

❒  Market-­‐clearing	
  pricing:	
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Parameterized supply function 

❒  Adapts	
  beZer	
  to	
  changing	
  market	
  condi@ons	
  than	
  does	
  a	
  
simple	
  commitment	
  to	
  a	
  fixed	
  price	
  of	
  quan@ty	
  (Klemper	
  &	
  
Meyer	
  ’89)	
  
q  widely	
  used	
  in	
  the	
  analysis	
  of	
  the	
  wholesale	
  electricity	
  markets	
  
q  	
  Green	
  &	
  Newbery	
  ‘92,	
  Rudkevich	
  et	
  al	
  ‘98,	
  Baldick	
  et	
  al	
  ‘02,	
  ‘04,	
  …	
  

❒  Parameterized	
  SF	
  
q  easy	
  to	
  implement	
  
q  control	
  informa@on	
  revela@on	
  	
  



Competitive market: Optimal demand response 

❒  Customer	
  	
  	
  	
  cost	
  (or	
  disu@lity)	
  
func@on:	
  
q  con@nuous,	
  increasing,	
  and	
  strictly	
  

convex	
  

❒  Compe@@ve	
  market	
  and	
  price-­‐
taking	
  customers	
  

❒  Op@mal	
  demand	
  response	
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Competitive equilibrium 

	
  

Theorem:	
  There	
  exist	
  a	
  unique	
  CE.	
  Moreover,	
  the	
  CE	
  is	
  efficient,	
  
i.e.,	
  maximizes	
  social	
  welfare:	
  

max
q

  −
i
∑ Ci (qi )   s.t.   qi

i
∑ = d

Corollary	
  (Individual	
  Ran7onality): 



Social	
  Welfare	
  op@miza@on	
  
	
  

	
  

	
  
	
  

Equilibrium	
  
 
 
 
 

Proof 

Proof	
  Idea:	
  Compare	
  the	
  equilibrium	
  condi@on	
  with	
  the	
  op@mality	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  condi@on	
  (KKT)	
  of	
  the	
  op@miza@on	
  problem.	
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Competitive equilibrium 

Theorem	
  (A	
  water-­‐filling	
  structure): 

Corollary	
  (Individual	
  Ran7onality): 

1 2 3 4 5 q



Iterative supply function bidding 

❒  Upon	
  receiving	
  the	
  price	
  informa@on,	
  each	
  
customer	
  	
  	
  	
  	
  updates	
  its	
  supply	
  func@on	
  	
  

	
  
	
  

❒  Upon	
  gathering	
  bids	
  from	
  the	
  customers,	
  
the	
  u@lity	
  company	
  updates	
  price	
  

	
  
❒  Requires	
  	
  

q  @mely	
  two-­‐way	
  communica@on	
  	
  
q  certain	
  computa@onal	
  capability	
  of	
  the	
  

customers	
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  u@lity	
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Strategic demand response 

❒  Price-­‐an@cipa@ng	
  customer	
  

	
  	
  	
  	
  	
  	
  with	
  

	
  
❒  Defini7on:	
  A	
  supply	
  func@on	
  profile	
  	
  	
  	
  	
  	
  

is	
  a	
  Nash	
  equilibrium	
  (NE)	
  if,	
  for	
  all	
  
customers	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
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Nash Equilibrium 

❒  Price-­‐an@cipa@ng	
  customer	
  
	
  
	
  

❒  Nash	
  equilibrium	
  exits	
  and	
  is	
  unique	
  when	
  the	
  
number	
  of	
  customers	
  is	
  larger	
  than	
  2	
  

❒  Each	
  customer	
  will	
  shed	
  a	
  load	
  of	
  less	
  than	
  d/2	
  
at	
  the	
  equilibrium	
  

❒  Solving	
  another	
  global	
  op@miza@on	
  problem	
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Nash equilibrium 

Theorem	
   



Op@miza@on	
  
	
  
	
  
	
  

	
  

	
  
	
  

NE	
  Equilibrium	
  
	
  

 
 
 
 

Proof 

Proof	
  Idea:	
  Compare	
  the	
  equilibrium	
  condi@on	
  with	
  the	
  op@mality	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  condi@on	
  (KKT)	
  of	
  the	
  op@miza@on	
  problem.	
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Nash equilibrium 

Theorem	
  (A	
  water-­‐filling	
  structure): 

Corollary	
  (Individual	
  Ra7onality): 



Iterative supply function bidding 

❒  Each	
  customer	
  	
  	
  	
  	
  updates	
  its	
  
supply	
  func@on	
  	
  

	
  

❒  The	
  u@lity	
  company	
  updates	
  
price	
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Numerical example 

Optimal supply function bidding (upper panels) v.s. strategic bidding (lower panels) 



Efficiency Loss of NE (Price of Anarchy) 
Theorem: 



Homogeneous Customers 

Corollary: 



Numerical example 

Price	
  

Total	
  disu7lity	
  



A Special Case with Quadratic Disutility Function 

Theorem: 

Message: 

Both	
  the	
  compe@@ve	
  equilibrium	
  and	
  game	
  equilibrium	
  
are	
  independent	
  of	
  the	
  supply	
  deficit	
  d!	
  



Value of Anarchy 
❒  Price of Anarchy: Loss in efficiency due to 

strategic interactions in contrast to a coordination 
 
❒  Simple model: one agent with shiftable demand and 

another with instantaneous demand 

❒  Contrast optimal efficient solution to a 
Stackelberg game of strategic behavior 

❒  A new tradeoff: Cooperation can increase 
endogenous risk 

30 



Setup 

31 

t 

t+1 

t+2 

t+3 

Inflexible load 

Flexible load 



 
  

 
  

System state:  

Aggregate unshiftable loads 

 

 

Consumer arrival with shiftable load  

 
Load shifting decision:  

Only 1 decision maker at     : the new arrival with shiftable load 
Split load into two periods               based on 

Model 



Problem Formulation 

33 

•  Deadline constraints on demands: 

•  Endogenous prices couple individual decisions: 

•  Non-cooperative decision making: 

•  Cooperative decision making:

Minimize individual cost 

Minimize aggregate cost 



Solution: Strategic 

Symmetric Markov Perfect equilibrium in dynamic stochastic game 

Overlapping type 2 consumers 
 
Flavor of Stackelberg competition 

t

t+1 

t
+2 



Solution: Strategic 

Symmetric Markov Perfect equilibrium in dynamic stochastic game 

Equilibrium strategy 

 



Solution: Cooperative 

Bellman equation for infinite horizon average cost MDP 

Optimal stationary policy 

 



Welfare impacts 
Under linear stationary policy                                    

_                    

Efficiency/Welfare Risk 

Variance 

Tail probability 

Strategic 

Cooperative 



Cooperative 
Non-cooperative 

Aggregate demand sample path

Price of Anarchy: what about risk?  

38 

small time scale large time scale 

spikes 



Y axis Linear scale Y axis Log scale 

spikes Low variance 

Example I: L = 2  

Cooperative 
Non-cooperative 

Aggregate demand stationary distribution



Concluding remarks 

❒  Studied	
  one	
  abstract	
  models	
  for	
  demand	
  response	
  
q Characterized	
  compe@@ve	
  as	
  well	
  as	
  strategic	
  equilibria	
  
q Proposed	
  distributed	
  demand	
  response	
  algorithms	
  
based	
  on	
  op@miza@on	
  problem	
  characteriza@ons	
  

q Characterized	
  the	
  efficiency	
  loss	
  and	
  price	
  of	
  the	
  game-­‐
theore@c	
  equilibrium	
  

❒  Risk	
  Analysis:	
  	
  
❒  Performance-­‐robustness	
  Tradeoffs	
  
❒  Market	
  Mechanism 

Thank you! 


