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Abstract—This paper proposes an energy function method
that can evaluate power system dynamic behaviors, especially on
whether synchronization can be achieved or not after line outages
by quasi-dynamic simulation instead of time consuming dynamic
simulations. To judge the synchronization of generation, potential
energy and energy dissipation of the system are considered in the
proposed energy function. By using the energy function, whether
the equilibrium before line outages stays inside the basin of
attraction of the equilibrium after line outages can be predicted.
The proposed method is tested on the IEEE 39-bus system by
dynamic simulations. It is shown that the proposed method can
correctly predict the synchronization condition of generators.

Index Terms—energy function, synchronization condition, pre-
diction, line outages

I. INTRODUCTION

Power system transient stability are typically evaluated by
three approaches. One approach is the time domain dynamic
simulation of the system. The dynamic simulation can provide
relatively accurate evaluation of the system transient behaviors
according to the transient stability criterion, but the time
domain simulation can be time consuming or computational
inefficient when a large power system needs to be simulated
for an extended time period, e.g. in a scenario of cascading
outages. And the dynamic simulation can hardly provide any
analytical insights of the system transient stability based on
system parameters. Another approach is to utilize machine
learning algorithms, which are data-driven methods to evaluate
the system stability [1-4]. This approach can predict the system
transient stability behaviors when the system response mea-
surement data are available, but this approach heavily relies
on the quality and the quantify of the data. The third approach
is the direct method, which is to evaluate the transient energy
of the system and comparing the transient energy with a
threshold to predict on whether the system is transiently stable
or not [5-10]. The direct method is also known as the energy
function method. The energy of the system can be calculated
via the system parameters and state variables. Although the
energy function method may subject to an accuracy issue since
general energy functions do not exist for multi-machine power
systems with large losses, the energy function method can still
be applicable to the system with small losses [11]. The energy
function can be regarded as a local Lyapunov function [12], so
the energy function method still provides a considerable results
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to evaluate system transient stability due to its fast evaluation
speed and its capability of providing the analytical insights.

In power system planning and operations, quasi-dynamic
simulations or steady-state simulations are often used. They
can be applied to evaluate the system equilibrium. The equi-
librium before line outages and the equilibrium after line
outages can be evaluated by power flow solutions in quasi-
dynamic simulations, such as optimal power flow. However,
quasi-dynamic simulation is not necessary to provide whether
the equilibrium before line outages can safely transition to
a new equilibrium after the line outages without violating
the transient stability criterion, such as generation synchro-
nization. So this paper is mainly focused on fast evaluation
of the generation synchronization subjected to line outages
based on the proposed energy function method. Quasi-dynamic
simulations in this paper consider a disturbance that causes
one, two or three line outages. There are some potential
applications of the proposed prediction method, e.g., 1). for
enhancing quasi-dynamic simulation of cascading outages by
OPA methods [19-21]; 2). for early warning of angular insta-
bility and conducting controlled system separation/islanding
[14-18].

The rest of this paper is organized as follows. Section
II proposes an energy function method and describes its
principle, and Section III implements a case study on the IEEE
39-bus system. The energy function method is applied to the
system for evaluating system transient stability subjected to
N − 1, N − 2 and N − 3 line outages.

II. ENERGY FUNCTION METHOD

In quasi-dynamic power system simulation, power flows
are solved. If line outages happened, one can re-evaluate new
power flows with updated network information and topology.
Without a dynamic simulation, it is hardly to know whether
the equilibrium before line outages can safely transition to
a new equilibrium after the line outages without violating
the transient stability criterion. However, dynamic simulation
can be time consuming, so this paper applies an energy
function method to evaluate whether the equilibrium before
the disturbance of line outages is in the basin of attraction
of the equilibrium after line outages. In a dynamic system,
equilibrium is a vector that consists of rotor angles and speeds,
while the equilibrium estimated from the power flow solutions
of the system can only provide information about rotor angles,
then how the energy function can be applied in absence of
speeds? Since there is no rotor speed difference between
the pre-disturbance system and the post-disturbance system,
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(a) (b)

Fig. 1. Illustration of the energy function method (a) stable case, (b) unstable
case

therefore the influence of the rotor speeds can be neglected at
this situation. The energy of the system mainly relies on the
system total potential energy. Details are shown in Section II
Part A.

The principle of the energy function on evaluating gener-
ation synchronization is illustrated in Fig. 1(a) and (b). The
dotted curve represents the pre-disturbance system energy sur-
face, and the grey ball shows the pre-disturbance system equi-
librium. The solid curve represents the post-disturbance system
energy surface, and the black ball is the-post-disturbance
system equilibrium. The equilibrium of the pre-disturbance
system is in the basin of the pre-disturbance system energy
surface, so does the equilibrium of the post-disturbance system
since the minimum potential energy is at the equilibrium [2].
To predict if the pre-disturbance equilibrium is in the basin
of attraction of the post-disturbance equilibrium, one need
to know if the total potential energy of the pre-disturbance
equilibrium is higher than the edge of the post-disturbance
system energy surface. Fig. 1(a) shows a stable case where
the height of the grey ball relative to the black ball represents
its potential energy with respect to the post-disturbance system
energy surface. The grey ball is released at a height lower than
the edge of the black surface so it can not run out of the basin.
Fig. 1(b) shows an unstable case. The grey ball is released at
a height higher than the edge of the black edge so it can run
out of the basin .

A. Transient Stability Energy Function

The energy function shown in this section is widely applied
in power system area [1] but the kinetic energy term is not
included in our situation since the transient speed is not
introduced in the quasi-steady-state simulation. The energy
function includes three terms as shown in (1). The first two
terms are called potential energy, where the first term is the
total work done by the mechanical torque on each rotor, the
second term is the magnetic energy, and the third term is the
stored dissipation energy. Actually, these three terms in total
can be regarded as system total potential energy.

V (δ̃) =
m∑
i=1

P
′

mi(δ̃i − δ̃si )−
m−1∑
i=1

m∑
j=i+1

Cij(cosδ̃ij − cosδ̃sij)

+
m−1∑
i=1

m∑
j=i+1

∫ δ̃i+δ̃i

δ̃si+δ̃sj

Dijcosδ̃ijd(δ̃i − δ̃j)

(1)
where δ̃i is the rotor angle of the ith generator, δ̃ij is the
rotor angle difference between the ith and jth generators. δ̃si
is the stable equilibrium of the ith generator, δ̃sij is the angle
difference between δ̃si and δ̃sj . P

′

mi is the mechanical power
acting on the ith rotor. Cij is a constant considering the ith row
and the jth column of the Kron-reduced susceptance matrix B
and the ith and the jth entries of the generator internal voltage
vector E. Dij is another constant considering the ith row and
the jth column of the Kron-reduced conductance matrix G
and the ith and the jth entries of the generator internal voltage
vector E. The expressions of these constants are presented in
the following.

Cij = Cji = E
′

iE
′

jBij , Dij = Dji = E
′

iE
′

jGij (2)

The integration term in (1) depends on a path in which the
grey ball will run to position of the black ball. The path of the
grey ball moving towards the position of the black ball need
to be considered and it is reasonable to assume that the grey
ball can roll toward the position of the black ball along the
line connecting the two balls. Therefore the integration term
can be evaluated approximately based on (3).∫ δ̃i+δ̃i

δ̃si+δ̃sj

Dijcosδ̃ijd(δ̃i − δ̃j) ≈

Dij

δ̃i + δ̃j − (δ̃si + δ̃sj )

δ̃ij − δ̃sij
(sinδ̃ij − sinδ̃sij)

(3)

B. The edge of the post-disturbance system energy surface

In order to identify the edge of the post-disturbance energy
surface, a direction in which the grey ball will roll toward the
position of the black ball need to be specified. The direction
indicates a path. Given the pre-disturbance equilibrium and
the post-disturbance equilibrium, it is naturally to consider the
direction that is along the line connecting the two equilibrium.

An unit directional vector −→u , along which the grey ball
is assumed to roll toward the position of the black ball, is
defined.

−→u =
δ̃ − δ̃

s

||δ̃ − δ̃
s
||

(4)

where δ̃
s
∈ Rn×1 is the estimation of the post-disturbance

system equilibrium. δ̃ ∈ Rn×1 is the estimation of the pre-
disturbance system equilibrium. || · || is the vector norm
operator.

To search for the edge of the energy surface, a depth d
is defined to show how far the searching is conducted. The
edge of the energy surface can be identified by finding out the
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point pi that has a maximum energy Vmax along the defined
direction −→u within depth d starting from the post-disturbance
equilibrium, δ̃

s
.

pi+1 = pi + h−→u (5)

where h is a searching step along the defined direction. p0 = δ̃
is the first point whose total potential energy needs to be
evaluated. The energy of the post-disturbance equilibrium
on the post-disturbance system energy surface is zero. The
edge energy as maxV (pi) can be identified, when V (pi) >
V (pi−1) and V (pi) > V (pi+1) and ||pend − δ̃|| < d. If the
energy function is changing monotonously along −→u , then the
maxV (pi) is on the boundary of the searching domain.

Thus one can evaluate if the pre-disturbance equilibrium is
in the basin of attraction of the post-disturbance equilibrium
by comparing V (δ̃) and V (pi). If V (δ̃) > V (pi), then pre-
disturbance equilibrium is not in the basin of attraction, if
V (δ̃) < V (pi), then the pre-disturbance equilibrium is in the
basin of attraction.

C. Discussion

In this paper, a disturbance of line outages is considered,
which do not introduce transient kinetic energy of the system,
and then an exist point energy can be employed as a threshold.
Because the first swing transient stability can be determined
by the energy of the exist point. While the energy function
need to adopt the energy of a controlled unstable equilibrium
[13] as a threshold when a specific fault can introduce transient
kinetic energy.

III. CASE STUDY

In this section, the effectiveness and the accuracy of the
quasi-dynamic energy function method for out-of-step predic-
tion are test on the IEEE 39-bus 10-machine system under
N − k line outages, where k is up to 3. The effectiveness of
the energy function are illustrated by considering outages of
three lines at the same time under different loading conditions,
and then the accuracy of the energy function are evaluated by
testing N − k line outages.

To show the effectiveness of the energy function on evaluat-
ing synchronization from one equilibrium to another equilib-
rium, a case study is conducted on IEEE 39-bus 10-machine
system. This case study considers outages of three lines at
the same time. They are line 1, line 3 and line 20. Two
scenarios with two different loading conditions are studied to
demonstrate stable case and unstable case, respectively. The
first scenario is in a normal loading condition, the second
scenario increases the load by 50%. The searching depth d and
searching step are 6 and 0.2, respectively. Thus ||pend−δ̃|| < 6
rad and pend = p30 since d

h = 6
0.2 = 30. The energy function

value of 30 intervals for each scenario can be checked.
A stable case is shown in Fig. 2. The energy of the pre-

disturbance equilibrium in the normal loading condition is at
the height of the grey ball as shown in Fig. 2(a). The edge
of the post-disturbance energy surface along the direction −→u
starting from the pre-disturbance equilibrium is at V (p24).

Since the grey ball’s height V (p1) = V (δ̃) = 0.88 is less
than the edge energy V (p24) = 1.35, the grey ball cannot rush
out of the basin of the energy surface. The energy function
indicates that the pre-disturbance equilibrium is in the basin
of attraction of the post-disturbance equilibrium based on the
post-disturbance energy surface. The verification is done on
this scenarios as shown in Fig. 2(b). A dynamic simulation of
the post-disturbance system is conducted, where the dynamics
of each generator is modeled as a classical generator model.
The initial rotor angles are set to be the pre-disturbance
equilibrium, the initial rotor speeds are set to be zeros. The
rotor angles experience some transient periods during the first
15 sec and then they are synchronized into the post-disturbance
system equilibrium.

(a)

(b)

Fig. 2. A stable case evaluated via the energy function method (a) energy
surface, (b) simulation verification

An unstable case is shown in Fig. 3. The energy of the
pre-disturbance equilibrium in the second scenario is at the
height of the grey ball in Fig. 3(a). The edge of the post-
disturbance energy surface along the direction −→u starting from
the pre-disturbance equilibrium is at V (p13). Since the grey
ball’s height V (p1) = V (δ̃) = 0.054 is larger than the edge
energy V (p13) = 0.5 × 10−6, the grey ball can rush out of
the basin of the energy surface. The energy function indicates
that the pre-disturbance equilibrium is out of the basin of
attraction of the post-disturbance equilibrium based on the
post-disturbance system energy surface. The verification is
done on this scenarios as shown in Fig. 3(b). The dynamic
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simulation setting is the same with the stable case scenarios.
The initial rotor angles are set to be the pre-disturbance
equilibrium, the initial rotor speeds are set to be zeros. The 10
generators experience some transient periods during the first 5
sec and then they are running into an asynchronous condition
into three groups. As shown in Fig. 3(a), the negative energy
after the edge of the energy surface, which is the 13th point in
our case, is not accurate since the energy function is a local
energy evaluated based on the post-disturbance network. So
one do not interpret the energy after the edge.

(a)

(b)

Fig. 3. An unstable case evaluated via the energy function method (a) energy
surface, (b) simulation verification

To show the accuracy of the energy function on evaluating
synchronization subjected to line outages, N − 1, N − 2 and
N − 3 tests are conducted on the IEEE 39-bus 10-machine
system. There are totally 34 lines in the tested system so there
are 34, 561 and 5984 scenarios in the N−1, N−2 and N−3
tests, respectively.

Firstly, the energy function method is tested in the normal
loading condition with one-line-outage at a time for each
scenario (the N − 1 test), there are 34 scenarios. There is
one scenario that the power flows are not convergent after
screening all one-line-outage. The other 33 scenarios are all
transient stable as indicated by the energy function method
since the edge of the energy surface is much higher than
the energy of the pre-disturbance equilibrium in all these

scenarios. And these transient stable scenarios are also verified
via corresponding dynamic simulations.

In the N − 2 test, there are 34×33
2 = 561 scenarios in total

including 11.41% divergent scenarios and 88.59% convergent
scenarios. Among the convergent scenarios (energy function
is applicable), there are 4 unstable scenarios and 493 stable
scenarios as indicated by the energy function method and all
verified by dynamic simulations. 492 stable cases have zero
deviation from synchronous speed and 1 stable case has a
deviation of 0.18rad/s. This scenario is shown in Fig. 4.

In the N − 3 test, there are 34×33×32
3×2 = 5984 scenarios in

total including 25.58% divergent scenarios and 74.42% con-
vergent scenarios. Among the convergent scenarios, there are
118 unstable scenarios and 4335 stable cases as indicated by
the energy function method. 112 out of 118, which is 94.92%
unstable scenarios, and 4315 out of 4335, which is 99.54%
stable scenarios, can be verified by the corresponding dynamic
simulations. Fig. 5 shows one unstable scenario but identified
as a stable scenario and Fig. 6 shows one stable scenario but
identified as an unstable scenario. It is worth to mention that
the energy of the pre-disturbance equilibrium is much smaller
than zero, means that the pre-disturbance equilibrium can roll
away from the post-disturbance equilibrium so the the pre-
disturbance equilibrium is out of the basin of attraction of the
post-disturbance equilibrium. This scenario can be verified by
dynamic simulations and is shown in Fig. 7.

To test the performance of energy function on a heavy
loading condition in the power grid, a limit of the grid is
found as the nose point on the PV curve. The heavy loading
condition represents that the grid operates at 80% of its limit.
In the heavy loading condition, there are 11.76%, 31.55%,
59.63% divergent power flow in N − 1, N − 2 and N − 3
tests, respectively. Table I provides the accuracy of the energy
function method in different loading conditions. The accuracy
is calculated based on the convergent scenarios only since the
divergent issue is not the focus of this paper. It is shown that
the energy function has 100% accuracy in the N − 1 and the
N−2 test, and has a 99.41% accuracy in the N−3 test running
at a normal loading condition, while has 96.67%, 91.41% and
80.75% accuracy in N−1, N−2 and N−3 tests, respectively
in the heavy loading condition.

(a) (b)

Fig. 4. N-2 synchronous case evaluated via the energy function method (a)
energy surface, (b) simulation verification
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(a) (b)

Fig. 5. N-3 synchronous case wrongly evaluated via the energy function
method (a)energy surface (b)simulation verification

(a) (b)

Fig. 6. N-3 asynchronous case wrongly evaluated via the energy function
method (a)energy surface (b)simulation verification

(a) (b)

Fig. 7. N-3 asynchronous case wrongly evaluated via the energy function
method (a)energy surface (b)simulation verification

TABLE I
ENERGY FUNCTION ACCURACY TEST RESULTS

Margin loading N-1 N-2 N-3
60% normal 100% 100% 99.41%
20% heavy 96.67% 91.41% 80.75%

IV. CONCLUSION

This paper proposes an energy function method to evaluate
the transient stability of power system subjected to line-
outages. This approach can be applied to quasi-dynamics
power system simulations without imposing time-consuming
dynamic simulations. The energy function is to evaluate
whether the pre-disturbance equilibrium is in the basin of
attraction of the post-disturbance equilibrium. Test cases are
implemented on the IEEE 39-bus 10-machine system. The
transient stability evaluated by the energy function method

has a 100% accuracy on the N − 1 and N − 2 test, and has
a 99.41% accuracy on the N − 3 test in the normal loading
condition, while has 96.67%, 91.41% and 80.75% accuracy
in N − 1, N − 2 and N − 3 tests, respectively, in the heavy
loading condition.
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