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M
agnetic materials offer a unique combination of prop-
erties for RF applications, such as nonreciprocity, high 
permeability, broad tunability, strong frequency disper-
sion, and nonlinearity [1]–[3]. In contrast to a dielectric 
material, where a scalar permittivity constant is often 

sufficient to represent the property of the material, the permeability of 
an RF magnetic material is usually a tensor in its linear regime, which 
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is expressed in the form of an asymmetrical matrix; 
yet each entry in the matrix varies as a function 
of frequency and biasing field. At high RF power, 
the magnetic material can be easily driven into a 
nonlinear regime, which exhibits increased dissi-
pation, drifting of resonant frequency, generation 
of harmonics, and so on. At a microscale, electro-
magnetic waves in magnetic materials are often 
coupled with spin waves that are supported by 
exchange coupling in quantum mechanics, which 
adds more complexity to the understanding and 
applications of the material.

Because of these unique properties, magnetic 
materials have been developed for various linear RF 
devices [4], [5], such as inductors [6], circulators [7]–
[10], isolators [11], phase shifters [4], [5], filters [12]–
[18], and antennas [19]–[23]. Nonlinear RF magnetic 
devices, such as frequency-selective limiters (FSLs) 
and signal-to-noise enhancers, have also received 
significant attention lately [24]–[32]. Leveraging on 
the recent advances in the fabrication of thin-film 
and thick-film magnetic materials, many traditional 
RF magnetic devices can now be integrated on chip, 
which opens up ways to supply high-quality-factor 
passives on chip that are lacking in existing semi-
conductor-based integrated circuit processes [33]. 
However, the complex nature of the magnetic mate-
rial poses significant challenges to the modeling of 
RF magnetic devices in an accurate, computationally 
efficient fashion. 

Full-wave modeling tools, such as the high-fre-
quency structure simulator (HFSS) [34], solve Max-
well’s equations based on Polder’s permeability tensor, 
but they can neither model the nonlinear property of 
the magnetic material nor include spin waves where 
exchange coupling is involved. Micromagnetic simu-
lators, such as the Object Oriented MicroMagnetic 
Framework or MuMax [35]–[39], solve the nonlinear 
Landau–Lifshitz–Gilbert (LLG) equation [40] on the 
micron scale, where magnetostatic approximation can 
be applied to model the dipole-to-dipole coupling and 
exchange coupling. Yet, computationally, it is no lon-
ger affordable in practical microwave devices when 
the scale of those interactions reaches millimeters and 
the full-wave electrodynamic interactions must be con-
sidered. Furthermore, despite the great success these 
modeling efforts have achieved in their respective 
domains of application, the intuitive understanding 
of the physics in magnetic materials is often overshad-
owed by the complexity of the mathematics. From a 
design perspective, it is also desired to establish uni-
fied models between RF electronics and magnetics to 
facilitate co-designs.

The purpose of this article is to develop a series 
of equivalent circuit models that can represent the 

dynamic spin precession physics and the propaga-
tion of spin waves in magnetic materials for both lin-
ear and nonlinear cases. These circuit models will be 
derived rigorously from micromagnetic theory, i.e., 
the LLG equation [40]. Yet they describe the impact 
of material parameters, such as the biasing field, the 
saturation magnetization, and the material shapes, 
on the spin precessions in a concise and intuitive 
manner. The models can also be scaled according 
to physical dimensions and combined with other 
equivalent circuit models of practical devices, such 
as transmission lines and antennas, to create com-
plete equivalent circuit models of these RF mag-
netic devices. Finally, the device behaviors can be 
obtained with a circuit simulator, such as the Key-
sight Advanced Design System (ADS).

This article is organized as follows. In the next 
section, the fundamental micromagnetic theory is 
introduced, and the property of the permeability 
tensor, e.g., Polder’s permeability tensor, is dis-
cussed by applying the small-signal approximation 
to the LLG equation. In the section “Linear Equiva-
lent Circuit Model for Dynamic Spin Precession,” 
a linear equivalent circuit model representing 
dynamic spin precession is derived, which repli-
cates the result of the Polder permeability tensor. 
The model is then integrated into a microstripline 
model or an electrically small antenna model to 
predict the input impedance of the microstripline, 
which is loaded with an yttrium iron garnet (YIG) 
thin film [41], and the input impedance as well as 
the radiation efficiency of an electrically small loop 
antenna loaded with a YIG thin film. In the section 
“Nonlinear Equivalent Circuit Model for Dynamic 
Spin Precession,” a nonlinear equivalent circuit 
model is derived from the original, nonlinear LLG 
equation and applied to predict the nonlinear spin 
precession behaviors for both a YIG sphere and a 
YIG thin film. In the section “Equivalent Circuit 
Models for Magnetostatic Waves and Spin Waves,” 
equivalent circuit models representing the propa-
gation of magnetostatic waves and spin waves [42], 
[43] are proposed. In the section “Nonlinear Equiva-
lent Circuit Model for FSLs,” the derived spin-wave 
equivalent circuits are combined with the nonlin-
ear spin precession models to predict the nonlinear 
behaviors of FSLs in a way similar to the methods 
of [44]–[47].

From a design perspective, it is 
also desired to establish unified 
models between RF electronics and 
magnetics to facilitate co-designs.
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Micromagnetic Theory
From quantum mechanics theory, the origin of mag-
netism is understood as the orderly motions of elec-
tron spins. The classical treatment of electron spin 
precession in a magnetic material is through the equa-
tion of motion,

 ,M HM
dt

d
0 #n c=-  (1)

where M is the magnetic dipole moment, H is the 
total magnetic field, 0n  is the free space permeability, 
and c  is the gyromagnetic ratio of the electron. The 
equation of motion can be generalized to describe the 
dynamic behaviors of magnetization in a magnetic 
material, where M is now defined as the magnetiza-
tion vector at a given observation location and H as 
the total effective magnetic field at the location, which 
consists of the applied field, demagnetization field, 
anisotropic field, and exchange field according to 
their different physics origins, i.e., [1], [2], [40]

 .H H H H Happl demag anis ex= + + +  (2)

The first two types of fields are of Maxwellian 
origin. The applied field is the incident field from an 
external source, such as a current, and the demag-
netization field represents the interactions among 
the magnetic dipoles inside the material (dipole-
to-dipole interactions). The demagnetization field 
is often approximated as magnetostatic interac-
tions in a traditional micromagnetic length scale 
( ),10 m1 n but it could be more precisely modeled by 
electrodynamics over a longer scale. The last two 
types of fields are of atomic origin. The anisotro-
pic field results from the spin–orbit coupling that 
forces the spins oriented toward certain crystallo-
graphic axes of the material, and the exchange field 
represents the exchange coupling, which originates 
from Heisenberg interactions in quantum mechan-
ics. It should be noted that the thermal fluctuation 
field is ignored in (2) as it is often much weaker 
than the four fields listed in (2). However, as will be 
elaborated later, the existence of the thermal field is 
necessary for nonlinear RF magnetic devices, such 
as FSLs, to work because a noise input is required 
for the excitation of the spin-wave oscillations in 
such devices.

When loss of the material due to the damping of the 
spin precession is considered, the equation of motion 
in (1) can be modified by including a damping term, 
resulting in the LLG equation

 ,M H M MM
Mt t0

s
# #

2
2

2
2

n c
a=- +  (3)

where a  is the Gilbert damping constant and MS  is the 
saturation magnetization of the material. Expanding 
the LLG equation to its scalar form yields
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When the LLG equation is applied to a spatial cell 
where uniform magnetization is assumed, the conser-
vation of magnetization holds, i.e.,

  .M M M Mx y zs
2 2 2= + +  (5)

For most RF and microwave applications, a mag-
netic material, such as ferrite, is operated under a 
strong dc biasing field that saturates the material in 
one direction. This is done to prevent the formation of 
domains in magnetic material and energy loss associ-
ated with the rotation of domains under the influence 
of the RF field. The dc biasing field can be applied 
externally with a coil or a permanent magnet. It can 
also be applied by the internal anisotropic field of the 
material, which is called self-biasing. The total effective 
magnetic field can thus be separated into a dc compo-
nent superimposed with an RF component as

 H hH z0= +t  (6)

where H0  is the dc biasing field and h is the RF 
field vector.

Note that the LLG equation is a nonlinear equation 
that involves the product of the magnetization vec-
tor and the magnetic field. With magnetocrystalline 
anisotropy and exchange coupling ignored, a small-
signal approximation can be introduced by assuming 
h H0%  and ,M Mz s=  which leads to the linearized 

LLG equation in the following form:

 ,t
M M H M h t

Mx
y y

y
0 0 s2

2
2
2

n c a=- - -^ h  (7a)

 ,t
M

M H M h t
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0 02
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 .t
M 0z

2
2

=  (7c)

Transforming (7a) and (7b) into the frequency 
domain yields

 ( ) ,j M j M hx y m y0~ ~ ~a ~=- + +u u u  (8a)

 ( ) ,j M j M hy x m x0~ ~ ~a ~= + -u u u  (8b)
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where ~  is the operating angular frequency, and 
H0 0 0~ n c=  and Mm 0 s~ n c=  are the angular fre-

quency equivalents of the biasing field and the satu-
ration magnetization.

The solution of the previous linearized LLG equa-
tion for unbound ferrite can be easily obtained by solv-
ing (8a) and (8b), which yields a frequency-dispersive, 
anisotropic susceptibility tensor,
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(10b)

constitute what is called Polder’s susceptibility tensor, 
which is often used by RF and microwave engineers [1], 
[2], [48]. The susceptibility starts from an initial value of 

/m 0~ ~ at around the dc and reaches a resonance peak 
around the frequency ,0~  i.e., its ferromagnetic reso-
nance frequency (FMR).

For a magnetic material with a finite geometry, the 
demagnetization field must be considered. Under the 
magnetostatic scale limit, the demagnetization field 
can be approximated by

 ,H N Mdemag $=-  (11)

where N is the demagnetization factor [1], [2]. For fer-
rite plates or thin films whose out-of-plane direction 
is along the biasing axis (the z-axis), a demagnetiza-
tion field must be applied in the opposite direction 
of the biasing, which reduces the effective biasing 
field in the material to .H M- s0  Polder’s susceptibil-
ity tensor can be obtained in the same form by sim-
ply substituting the relation ( )H Ms0 0 0~ n c= -  in 
(10). For ferrite plates or thin films with an in-plane 
biasing in the z-axis and an out-of-plane direction 
in the y-axis, the demagnetization field becomes  
part of the RF field. The linearized LLG equation (8) 
thus becomes

 ( ) ,j M j M h M,x y m y y0 appl~ ~ ~a ~=- + + -u u u u^ h  (12a)

 ( ) .j M j M h ,y x m x0 appl~ ~ ~a ~= + -u u u  (12b)

When an external RF magnetic field is applied only 
to the x-axis, the resulting magnetization susceptibility 
is given by

 ,
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where r~  is the thin-film FMR, which is given by

 .mr 0 0~ ~ ~ ~= +^ h  (14)

Comparing (13) to (10), it is evident that the 
FMR of the thin-film ferrite is much higher than 
that of the unbound ferrite, when .m 0&~ ~  The 
initial susceptibility and the shape of the suscep-
tibility dispersion remain similar for both cases. 
This implies that the in-plane biased thin-film 
ferrite may be more appropriate for RF and micro-
wave applications because of the lower required 
biasing field to reach a high FMR and thus a 
higher initial permeability.

Linear Equivalent Circuit Model  
for Dynamic Spin Precession
The rationale of representing the behavior of a mag-
netic material with equivalent circuit models is estab-
lished based upon Maxwell’s equations. Faraday’s law 
indicates that the electromotive force, a form of voltage, 
is the time-rate change of the magnetic flux. Similarly, 
the current can be related to the magnetic field through 
Ampere’s law, although a conductive current does not 
physically exist in most ferrite materials. To illustrate 
this concept, one may consider the cubic cell within 
an unbound volume of ferrite shown in Figure 1. The 
cell has dimensions of ,xT  ,yT  and zT  along the x-, y-, 
and z-axes. The dc biasing field is applied to the z-axis. 
Applying Faraday’s law, the electromotive force (EMF) 
around the perimeter of the surface y z#T T  denoted 
by Vx  is related to the x-component of the dynamic 
magnetization vector by

 . V t
M y zx x

0 2
2 T Tn=  

(15)

This implies that the in-plane 
biased thin film ferrite may be more 
appropriate for RF and microwave 
applications because of the lower 
required biasing field to reach a 
high FMR and thus a higher initial 
permeability.
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On the other hand, the current flowing crossing the 
x-axis, toward either the y- or the z-axis, must have a 
contribution from the x-component of the Maxwellian 
magnetic field according to Ampere’s law. This contri-
bution can be denoted by

 .I H xx
xT=  (16)

Note that in (15) the voltage is EMF, and in (16) the 
current is a fraction of a real current. Superscripts 
are thus used to differentiate them from physically 
measurable voltage or current along the x-direc-
tion. Equations (15) and (16) are called field-to-circuit 

transformations. Equivalent circuits for magnetic mate-
rials can thus be defined between the voltage and cur-
rent expressed in (15) and (16); yet such circuits for 
magnetic materials cannot be connected to conven-
tional electrical circuits through simple connections 
of voltage and current nodes. To interface with the 
conventionally defined voltage and current nodes in 
nonmagnetic circuits, a number of ferrite cuboid cell 
models may be needed, while the current continu-
ity and voltage continuity are enforced by Ampere’s 
law and the flux continuity condition, respectively. 
An example is a z-directed current filament with a 
total current of Iz  penetrating through a ferrite ring, 
as shown in Figure 2(a). Ignoring the four corners, the 
ferrite is represented by the four cuboids around the 
current filament. Ampere’s law thus gives

 
.

I H x H y H x H y

I I I I
z x y x y

x y x y

1 2 3 4
1 2 3 4

T T T T= + - -

= + - -
 

(17)

On the other hand, the flux continuity condition is 
enforced:

 ,  M y z M x z M y z M x zx y x y1 2 3 4T T T T T TT T= =- =-  (18)

which is equivalent to the voltage continuity:

 .V V V Vx y x y1 2 3 4= =- =-  (19)

The equivalent circuit of the structure is thus 
yielded, as shown in Figure 2(b), which consists of four 
ferrite cuboid cell models in parallel that share the total 
amount of current .Iz

Applying the field-to-circuit transformations for all 
magnetization and magnetic field components, the lin-
earized LLG equations (7a) and (7b) can now be rewrit-
ten as circuit equations:

V dty z
V
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Rewriting (20a) and (20b) by multiplying both sides of 
the equations by /y mT ~  and / ,x mT ~  respectively, yields
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or 

 ,
V dt

I L R
V

Z
V I I I

y

y

y y

y x

Ly Ry Gy
g

= + + = + +
#

 (22a)

Hx3, Mx3

Hx1, Mx1

Hy4
My4

Hy2
My2

Iz Iz

y

x
z

Ix1, Vx1

I y2, Vy2

–I x3, –Vx3

–I y4, –Vy4

(a) (b)

Figure 2. (a) An example with a current filament through 
a ferrite ring. (b) Its equivalent circuit consisting of four 
ferrite cuboid cell models in parallel sharing the same input 
current of the current filament. 

The rationale of representing the 
behavior of a magnetic material 
with equivalent circuit models is 
established based upon Maxwell’s 
equations.

z y

x

∆z

∆y

∆x

Ix

Vx

Figure 1. A cuboid cell in ferrite where the correspondence 
of the field variables (H, M) to the circuit variables (I, V) is 
established. 
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with , , , ,Z L L Rg x y x  and Ry  defined as follows:
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Considering the left-hand side of (22) as an incident 
current and the three terms on the right-hand side as 
currents flowing into an inductor ILx  or ILy  and a resis-
tor IRx  or IRy  and a gyrator IGx  or ,IGy  respectively, it is 
evident that (22) represents a two-port circuit with each 
of the ports loaded by a resistor and an inductor while 
the two ports are coupled through a gyrator, as shown 
in Figure  3, where Zg  is the impedance of the gyra-
tor, and ,Lx  ,Ly  ,Rx  and Ry  represent the values of the 
loaded inductors and resistors for both the x-port and 
y-port. The use of the gyrator in the equivalent circuit 
is to model the nonreciprocity of the magnetic material, 
and the sign of the gyrator determines the right-hand 
rotation characteristics of the spin precessions. Note 
that a similar gyrator/inductor model was proposed in 
[12] to represent the coupling of two coils through a YIG 
sphere. That model, however, did not define the circuit 
parameters based on the material parameters, nor did it 
include the resistors to represent the Gilbert damping in 
the magnetic material.

For thin-film ferrites, the out-of-plane (y-axis) demag-
netization must be considered. Equation (11) gives 

,h My y=-  which serves as an inductive termination 

boundary condition for the y-port under the field-to-
circuit transformations (15) and (16); i.e.,

,I h y M y x z
y

V dt L
V dt1 y

y y
y

y

0 d
T T

T T
T

n
= =- =- =-#

#

 (24)

where the demagnetization inductance Ld  is given by

 .L y
x z

d 0 T
T T

n=  (25)

The circuit model can thus be modified by simply 
adding this demagnetization inductor as a load at the 
y-port. If only the x-polarized RF magnetics behavior 
is considered, the input impedance of the x-port can be 
obtained with the inductive loads at the y-port trans-
formed to a capacitive load through the gyrator, form-
ing a parallel RLC resonator, as illustrated in Figure 4.

The transformed capacitance Cx  is given by

 .C
Z

L L
y z

x1
x

y

m mg
2

d

0 0 T T
T<

n ~ ~ ~
= =

+^ h  (26)

Ix

Vx Vy

Iy

Rx

Lx Ly

Ry

Zg

+

–

+

–

Figure 3. An equivalent circuit derived for a biased 
magnetic material cell representing its linear, dynamic, and 
nonreciprocal magnetization behavior.

I x

I xI y

Vx

Vx
Vy

Rx

CxRx

Ry

Ly

Zg

Lx

Lx
Ld

+

–

+

–

+

–

Rx
(2)

Transformed
From y-Port by

the Gyrator
(a) (b)

Figure 4. (a) Inclusion of the out-of-plane demagnetization effect (y-axis as shown) in the gyrator coupled inductor model and 
(b) its equivalence to a parallel RLC model. 
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It can be shown that the capacitance Cx  resonates 
with the inductance Lx  at the thin-film FMR frequency 
given by (14). The damping resistance at the y-port is 
also transformed to be at the x-port with the value at 
the proximity of the FMR,
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where Q is the quality factor of the y-port induc-
tance; i.e., / / .Q R L Ly y md 0<~ ~ ~ a~= = +^ ^ ^h h h  The 
total damping resistance of the x-port RLC resonator 
now yields

 ( ) .R R R x
y z

2x
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x x
m

m m2
0

0

0

T
T T

< n
a ~ ~

~ ~ ~
= =

+
+^^ hh  (28)

The thin-film ferrite model derived through the 
field-to-circuit transformation agrees with that in [14], 
where the circuit model is derived based on fitting of 
the dispersive characteristic impedance of a ferrite-
loaded parallel-plate waveguide. The equivalent cir-
cuit model of the magnetic material offers a unique 
capability of designing RF electronic devices loaded 
with magnetic materials as the model can be directly 
integrated into the equivalent circuits of electronics. 
Next we will demonstrate such examples, e.g., using 
the derived equivalent circuit model for the design of 
microwave resonators and electrically small antennas.

Thin-Film YIG-Loaded Microstrip Resonator
The FMR behavior of ferrite has long been used to 
develop tunable filters [4], [5], [12]–[18] as the resonance 
frequency of ferrite can be tuned over a broadband by 
changing the magnetic biasing field. For longitudi-
nally biased microstrip or striplines loaded with fer-
rite films or substrates, a complete equivalent circuit 
can be obtained by modifying that of the nonmagnetic 
microstrip or stripline. As shown in Figure 5, the non-
magnetic transmission lines can be modeled by the 
well-known series inductor and shunt capacitor ladder 
circuits, with each LC ladder representing a segment 
of the transmission line whose length is much shorter 
than the wavelength of the electromagnetic wave. 
Assuming that the width of the microstrip is much 
greater than its thickness so that a parallel-plate model 
applies, the values of the LC components are given by

 .
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Assuming the magnetic field within each segment 
of transmission line is uniform, and the current flow-
ing on the stripline is longitudinal ,Iz  it is not difficult 
to prove that .I Ix

z=  ,xT  ,yT  and zT  are, respectively, 
the width, thickness, and length of this segment. The 
loading of the ferrite substrate can then be represented 
by inserting a parallel RLC tank in Figure 4(b) in series 
with the original ladder inductor, as shown in Figure 5; 
the values can be derived as
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L0 L0
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L0

C0 C0

Rm

Lm
Lm

Rm

CmCm
C0

C0

(a) (b)

Figure 5. (a) The LC ladder circuit equivalence of a nonmagnetic transmission line. (b) The series L, shunt C unit cell 
is modified by adding a parallel RLC tank for an equivalent circuit of the magnetic transmission line with a biased ferrite 
substrate.

For longitudinally biased microstrip 
or striplines loaded with ferrite films 
or substrates, a complete equivalent 
circuit can be obtained by modifying 
that of the nonmagnetic microstrip 
or stripline.
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VAR
VAR6
mu0 = 1.257e-6
cc = 3e8
Alpha = 7.1429e-4
w = 0.1e-3*2
d = 3e-006
len = 0.5e-3
Ms = 1750
H0 = 200

VAR
VAR7
fr = wrr/2/pi
w0 = 2*pi*2.8e6*H0
wrr = sqrt (w0*(w0 + wm))
wm = 2*pi*2.8e6*Ms

TermG
TermG1
Num = 1
Z = 50 Ω

S_Param
SP1
Start = 1.5 GHz
Stop = 2 GHz
Step = 0.002 GHz

L
L4
L = 3.4 pH
R =

PRLC
PRLC2
R = Rm Ω
L = Lm H
C = Cm F

TermG
TermG2
Num = 2
Z = 50 Ω

SnP
SnP1

VAR
VAR9
Lm = (mu0*Ms/H0)*(len*d/w)
Cm = H0/(Ms*u0*wrr*wrr)*(w/len/d)
Rm = (mu0*Ms*wrr*wrr)/(Alpha*2*pi*2.8e6*(2*H0+Ms)*H0)*len*d/w

S-Parameters

Z

X
Y

H0 I

w

(a)

(b)

Figure 6. (a) A short-circuited stripline with a width of 100 µm and length of 0.5 mm sandwiched by two 3-µm-thick YIG 
films that is longitudinally biased, simulated in HFSS. (b) The ADS setup for comparison between the S-parameter derived 
from HFSS and the analytically derived equivalent circuit model. 

The resonance frequency is thus given by

,
L C

H H M1
s

m m
mr 0 0 0 0 0~ n c ~ ~ ~= = + = +^ ^h h  (31)

which agrees with (14).
A short-circuited magnetic transmission line bypasses 

the capacitor in Figure 5(b), and the structure can thus 
be equivalent to the parallel RLC tank that represents 
the FMR, in series with the inductor L0  that represents 
the inductance of air. When the Q of the RLC resona-
tor is high or Lm  is much greater than ,L0  the impact 
of the air inductance can be ignored, and an RLC 
resonator with its resonant frequency tunable by the 
magnetic biasing field is yielded that can be used as 
a building block of a tunable filter. Figure 6 illustrates 

such a stripline structure with a length of 0.5 mm and 
width of 100 µm, sandwiched by two 3-µm-thick YIG 
films. The structure is simulated in HFSS, and its input 
impedance is compared to that of the RLC plus induc-
tor model, as shown in Figure 6(b). The impedance 
result shows very good agreement in Figure 7, where 
the HFSS prediction is plotted against the result of the 
circuit model. Both the resonant frequency and its line-
width are correctly predicted by the circuit model.

Thin-Film YIG-Loaded Electrically  
Small Loop Antenna
Electrically small loop antennas are among the sim-
plest antennas. As the radiation resistance of a single-
turn loop is usually small, multiple turns are often 
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introduced to obtain an impedance that matches to 
standard electronics. The increase of the radiation 
resistance through winding, however, often comes 
at the price of increased ohmic resistance and par-
asitic capacitance. It is proposed in [23] to use the 
high-Q FMR of a thin-film YIG to increase the input 
impedance of a single-turn loop. The proposed 
antenna is a single-turn stripe wrapped around a 
thin-film YIG substrate, as shown in Figure 8. The 
ferrite substrate is a 3.08-µm-thick YIG film epi-
taxially deposited on a 500-µm-thick gadolinium 
gallium garnet substrate. Its length and width are 
6 mm and 5 mm, respectively. The conducting loop 
is designed to be at the same width of 6 mm. A dc 
magnetic bias field H  0  of 36 Oe (2,865 A/m) parallel 
to the current flow is assigned. The FMR-enhanced 
electrically small loop is designed to operate at 
around 0.7 GHz. What must be emphasized here is 
that this antenna is extremely small in its electrical 
size; its largest physical dimension is approximately 
1/60 of its operating wavelength. 

To better understand the role FMR played, equiva-
lent circuit models are derived for electrically small 
loop antennas first without and then with the thin-film 
ferrite. The model of the loop without ferrite is estab-
lished based on the first order (TE )1  spherical wave 
model developed by Chu [49] so that the stored energy 
(parasitics) and the radiation of the lossless electrically 
small loop can be precisely captured. As shown in 
Figure 9(a), the inductance L represents the inductive 
energy stored in the loop antenna. The radiation resis-
tance Rrad  is placed at a different branch in parallel to 
this inductor. An ohmic resistance Rohm  is in series 
with the lossless circuit model to include the power 
dissipated on the conducting loop structure. 

It should be noted that, in the model shown in Fig-
ure 8(a), an inductance Lf  is also added in front of Rohm  

H0

∆z

∆y
∆x

YIG

Figure 8. A single-turn loop antenna loaded with thin-film 
YIG biased longitudinally as shown. 
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Figure 9. Equivalent circuit models for electrically small loops 
(a) without ferrite and (b) with ferrite (FMR). (Source: [23].)
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Figure 7. An input impedance comparison as a function of frequency between the HFSS simulations (red line) and the 
prediction of the circuit model (blue line). (a) Input resistance. (b) Input reactance.
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to model the parasitic effect of the feeding lines. For the 
loop antenna with the loading of the thin-film ferrite, 
similar to what is done in the section “Thin-Film YIG-
Loaded Microstrip Resonator,” the ferrite can be repre-
sented by the insertion of a parallel RLC tank, in series 
with the loop inductor L, as shown in Figure 9(b), as the 
magnetic flux of the biased thin-film YIG generates an 
EMF in addition to that of the original air loop induc-
tance. The value of the RLC elements can be approxi-
mately obtained with (30) by treating the entire antenna 
as a cuboid ferrite cell with dimensions . ,x 3 08 mT n=  

,y 6 mmT =  and ,z mm5T =  as indicated in Figure 8. 
After some optimization, the equivalent circuit model 
presented in Figure 9(a) fits well with the full-wave 
simulation results of the electrically small loop without 

ferrite. By just inserting the parallel RLC resonator into 
the circuit without altering the other parameters, the 
equivalent circuit model then predicts the behavior 
of the ferrite-loaded electrically small loop very well, 
which implies the role of the ferrite or FMR is well rep-
resented by the parallel RLC model.

A comparison of the simulated input impedances 
between the circuit model prediction and HFSS full-
wave simulations is shown in Figure 10. The compari-
son can also be extended to the prediction of radiation 
efficiency in Figure 11. Good matches between the 
circuit model and the full-wave simulation results 
for cases both with and without ferrite have been 
observed. The simulation results show that the input 
impedance rises from 1 W to 118 W after the loading 
of ferrite. The radiation efficiency of the antenna has 
also experienced a factor of 10 increase from 0.0013% to 
0.013% at an FMR frequency of 0.7 GHz.

Nonlinear Equivalent Circuit Model 
for Dynamic Spin Precession
While the linear gyrator coupled inductor model or 
the parallel RLC model represents the FMR behavior 
of ferrite very well, the small-signal approximation of 
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Figure 10. (a) The input resistance and (b) input reactance 
with and without FMR enhancement: HFSS versus circuit 
model. (Source: [23].)
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What must be emphasized here 
is that this antenna is extremely 
small in its electrical size; its largest 
physical dimension is approximately 
1/60 of its operating wavelength.
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H Hz 0=  and M Mz s=  no longer holds under the large-
signal excitation. It necessitates the use of the LLG 
equation in (4) in its original, nonlinear form. Taking 
a time derivative of the conservation of the magnetiza-
tion condition in (5) yields

 ,  M t
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which can be rewritten as
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Substituting (33) into the M tM zx 2 2  and My

M tz2 2  terms in (4a) and (4b) yields
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where H is the Maxwellian magnetic field when 
exchange coupling and dynamic anisotropic field are 
ignored. For z-biased ferrite, it is reasonable to assume 
that , ,M M Mx y z%  which leads to the following 
approximation:
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Rewriting these two equations yields
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A nonlinear circuit equivalence, therefore, applies 
in a similar manner to how it was done in the linear 
case, yielding
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Note that each term on the right-hand side of (37) repre-
sents a current flowing through an inductor, a resistor, and 
a gyrator, with ,  ,  ,  ,Z L L Rg x y x  and Ry  defined as follows:
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It should be noted that (38) differs from (23) in the 
expressions of the inductances Lx  and Ly  and the gyra-
tor impedance .Zg  They are no longer constants but func-
tions of Mz  and .Hz  The values of Mz  and Hz  depend 
on the magnitude of excitations and are not explicitly 
known. A nonlinear inductor over the z-port can be 
defined likewise:
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To construct a nonlinear circuit that is solvable, one 
may note that

 
.

H
M

M
H M M

H M H

M

x
I

y
I

z
I

M

∆ ∆ ∆

s

s

z

z

z

z
x

z

z
y z

Lx Ly z

2 2
2

2 2 2

=

+ +

=

+ +

c

c c

c

cm

m

m

m

m
 (40)

Therefore, the nonlinear gyrator impedance bet-
ween the x-port and y-port and the nonlinear induc-
tances over all three ports can now be defined as 
nonlinear functions of the port currents:
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The resulting nonlinear circuit model is sketched 
in Figure 12, which shows mutually coupled nonlinear 
inductances over all three ports; the x-port and y-port 
are terminated with dissipation resistances while they 
are connected through a gyrator.

To incorporate the shape demagnetization, (33) is 
modified by substituting the demagnetizing terms in 
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H with (11), which yields equations for the externally 
applied field: 
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where ,  ,H Happl appl
x y  and Happl

z  represent the scalar com-
ponents of the externally applied magnetic field. The 
circuit equivalence, therefore, changes similarly with 
the introduction of the additional demagnetization 
term, which becomes
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where Ldx  and Ldy  are demagnetization inductors 
that are in shunt with the x-port and y-port inductors, 
respectively, with their values given by
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To set the dc magnetic biasing field, a dc current 
source is connected to the z-port with the relation of

 ,  I H z∆bias bias=  (48)

where Hbias  is the externally applied dc biasing field to 
the magnetic material.

With these additional inductors, the circuit model 
is now ready to be used to predict the large-signal 
behaviors of spin precession in magnetic materials 
with different shapes, such as thin films, cylinders, and 
spheres. This is similar to how a nonlinear LLG equa-
tion is solved but with reduced complexity and more 
stability offered by well-developed commercial circuit 
solvers, such as Keysight ADS.

Two examples are used to validate the proposed 
circuit model. The first example assumes a YIG 
sphere that is magnetized in the z-direction. The 
internal biasing field is set to 80 Oe (6,366 A/m). An 
external RF field of 0.8 Oe (63.7 A/m) at an FMR fre-
quency of 224 MHz is added in the x-axis to excite 
the YIG sphere, which increases the transverse mag-
netization and causes a reduction of the longitudinal 
magnetization. The simulation results are displayed 

in Figure 13, which shows that the x- and y-magne-
tization components rise at the Larmor precession 
frequency of 224 MHz with a reduction of the longi-
tudinal magnetization versus time. The comparison 
concluded that the ADS circuit model provides an 
accurate prediction of the large-signal behavior of 
spin precession that is almost identical to that of the 
LLG equation solver.

The second case is a YIG thin film that is biased in 
one of its in-plane directions with the y-axis pointing 
out of the film plane. The biasing field is applied, and 
the RF excitation is introduced in the same way as in 
the first example. Because of the out-of-plane demag-
netization, the precession is dominantly limited to in 
plane with its x-component of magnetization much 
greater than its y-component, which oscillates at the 
precession frequency given by (14), which is 1.07 GHz. 
In addition to the reduction of the magnitude, the 
oscillation of the longitudinal magnetization at twice 
the FMR frequency is observed. The three-port circuit 
model shown in Figure 12 is modified with an addi-
tional shunt inductor at the y-port to represent the 
demagnetization. Simulation results with both the 
MATLAB LLG solver and ADS circuit model display 
the expected trend, as shown in Figure 14, and the 
agreement is again very good. It should also be noted 
in Figure 13 that the z-component of magnetization, in 

z-Port (Biasing Port)

Gyrator

y-Portx-Port Rx
Lx Ly

Lz

Zg

Ry

Figure 12. A three-port nonlinear circuit model 
representing the dynamic spin precession behaviors.

This is similar to how a nonlinear 
LLG equation is solved but with 
reduced complexity and more 
stability offered by well-developed 
commercial circuit solvers, such as 
Keysight ADS.
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Figure 13. An ADS simulation with the proposed circuit model for a YIG sphere in comparison with an LLG equation 
solver coded in MATLAB. The spherical geometry has demagnetization coefficients / .( )N N N 1 3x y z= = =   (a) MATLAB 
simulated trajectory of x (black) and y (red) magnetization components versus time. (b) MATLAB simulated trajectory 
of z-magnetization component versus time. (c), (d), (e) MATLAB (black) and ADS (red) trajectories for x-, y-, and 
z-magnetization components, respectively; alpha = 5e-3, excitation = (Ho)1e-3.
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Figure 14. An ADS simulation with the proposed circuit model for a YIG thin film in comparison with an LLG 
equation solver coded in MATLAB. The thin film has demagnetization coefficients , .( )N N N0 1x z y= = =  (a) MATLAB 
simulated trajectory of x (black) and y (red) magnetization components versus time. (b) MATLAB simulated trajectory 
of z-magnetization component versus time. (c), (d), (e). MATLAB (black) and ADS (red) trajectories for x-, y-, and 
z-magnetization components, respectively; alpha = 5e-3, excitation = (Ho)1e-3.
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addition to decaying, displays an oscillation behavior 
at the second harmonic of the precession frequency. 
This is again predicted by both the LLG solver and the 
ADS circuit model.

A similar, but simpler, two-port version of the 
equivalent circuit model for thin films was derived 
in [14], which describes the in-plane spin precession 
through an analogy to the motion of a pendulum. The 
three-port model presented here is more complete 
and can be universally applied to materials with dif-
ferent shapes.

Equivalent Circuit Models for Magnetostatic 
Waves and Spin Waves
Magnetostatic waves are approximations of electro-
magnetic waves within the magnetostatic limit, which 
applies when the scale of consideration is much shorter 
than the wavelength of electromagnetic waves in a 
nondispersive medium. Under such an approximation, 
the displacement currents in Maxwell’s equations are 
ignored. When only magnetic fields of Maxwellian ori-
gin are considered, the lossless form of the LLG equa-
tion (8) can be rewritten as

 .
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Considering a plane wave propagating in the yz-
plane in an infinite biased ferrite, the demagnetization 
field representing the dipolar coupling is the solu-
tion of the sourceless Maxwell equations, which are 
approximated to be , . H B0 0# $d d= = The solution is
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where i is the angle between the directions of the wave 
propagation and the dc bias field. The magnetostatic 
waves are then described by
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Setting the applied magnetic field to zero, a non-
trivial solution of magnetization exists only when the 
determinant of the matrix in (51) is zero. This yields the 
dispersion relation, which is called Walker’s equation,

 ,sinm0 0
2 2

1
~ ~ ~ ~ i= +^ h6 @  (52)

where the wavelength dependency disappears.
If the plane wave’s H-field is polarized in the 

x-direction, and it is traveling toward the y-axis, apply-
ing /2i r=  and assuming h 0y

appl =  in (51) leads to
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The previously derived equivalent circuit in Fig-
ure  4(b) can thus be used to represent such a plane 
wave, as shown in Figure 15(a). The magnetostatic 
approximation is used to neglect the displacement cur-
rents, i.e., the shunt capacitances in the circuit model, 
which results in the equivalent circuit in Figure 15(b). It 
is evident that the resonant frequency of the structure 
in Figure 15(b) does not depend on the phase distri-
bution among the different unit cells, which implies a 
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Figure 15. Equivalent circuits for waves traveling in an unbound, biased ferrite. (a) A plane wave traveling perpendicular to 
the biasing direction, (b) with a magnetostatic wave approximation applied, (c) with exchange coupling included, and (d) with 
exchange coupling included and the RLC tank transformed to shunt to ground. 
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k-independent dispersion, as shown by (52). This inde-
pendence, however, no longer holds when spin waves 
with exchange coupling are considered [19].

Spin waves are oscillations of magnetizations in the 
form of waves caused by exchange coupling that has a 
quantum mechanics origin [42], [43]. The exchange interac-
tions are superimposed with electromagnetic interactions 
to support the propagation of spin waves at wavelengths 
much shorter than the electromagnetic wavelengths. This 
can be represented by including an additional term of the 
exchange field in Walker’s equation [43], which is
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The exchange effective field can be defined either 
from quantum theory or in a classical form [43]. The 
quantum theory takes the quantized form
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where k is the propagation constant of the spin wave, 
a is the lattice constant ( .a 1 2 nm=  for the YIG), and 

exm  is the exchange constant ( 3 10 mex
16 2#m = -  for the 

YIG [19]). The classical form of the effective field that is 
more frequently used is
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One can easily prove that these two definitions 
are equivalent for spin waves with wavelengths 
much larger than the lattice constant. Combining 
(53) and (55) suggests that the exchange effect can be 
added to the dispersion relation by replacing 0~  by 
[ / ]cos ka a2 1  exm0

2~ ~ m+ -^ h  in (53):
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Expanding the preceding equation with i = π/2 and 
ignoring the high-order terms, one obtains
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From (56), it is evident that the nature of the 
exchange coupling is to add an effective magnetic field 
that is proportional to the differential of the adjacent 
spins. It is reasonable to represent this relation by cou-
pling inductors, as shown in Figure 15(c). The value of 
the exchange coupling inductor can be determined by 
forcing the circuit model to exhibit the same dispersion 
relation as shown in (58). Assuming no external RF 
magnetic field is applied, the voltages across the differ-
ent RLC tanks are independent of each other with the 

exception of coupling through the transformers. There-
fore, the circuit model representing the magnetization 
portion in Figure 15(c) is transformed to the one in Fig-
ure 15(d), where the RLC tanks are shunt to ground. 
The dispersion relation can now be easily determined 
with the periodical structure theory, using the ABCD 
matrix method [48], as
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where d is the distance between each unit, which 
should be set to the same value as the lattice constant 
a to replicate the dispersion relation in (58). Under this 
condition, the expression for the coupling inductance 
Lc  is given by
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The equivalent circuit depicted in Figure 15(d) is 
now complete and can be used to predict the disper-
sive behavior of the spin wave. Similar periodic circuit 
models have been used to represent other types of lin-
ear or nonlinear waves [50], [51].

The dispersion relation formulated in (58) is plot-
ted in Figure 16, and it is evident that k-independence 
no longer holds for high-k or short-wavelength waves, 
where it corresponds to a frequency much higher than 
the FMR.

One practical concern is that since the lattice con-
stant a is at nanometers, modeling the entire dispersion 
curve with a periodic circuit model described by (59) 
and (60) would require ,d a=  and an overwhelmingly 
large number of unit cells would have to be used to 
represent a millimeter-long magnetic material struc-
ture. However, if one aims at replicating only the bot-
tom portion of the dispersion curve, a much coarser 
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Figure 16. A comparison of the dispersion curve calculated 
from spin wave theory by (51) to the ones calculated from 
the periodic circuit in Figure 14 with 1.2 nm (d/a = 1) and 
100 nm thicknesses (d/a = 83) for each unit using (53). 
(Source: [14].)
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spatial discretization may be used as the distance 
resolution d determines the maximum spin-wave fre-
quency the circuit model can cover. Figure 16 compares 
the analytical spin-wave dispersion relation derived 
from (58) to the curve derived from the periodic cir-
cuit with (59) on different ratios of spatial resolution d 
versus lattice constant a. When the spatial resolution 
in each resonator (R L Cm m m  parallel circuit) is close to 
the lattice constant (e.g., 1.2  nm), the circuit model is 
able to include very high-frequency spin waves. When 
the thickness resolution is made much coarser than the 
lattice constant (e.g., 100 nm), the circuit model shows 
a cutoff frequency without capturing the higher fre-
quency spin waves. Yet the lower frequency end of the 
dispersion is still well represented. This implies that 
the computational complexity can be much reduced 
by using coarser spatial discretization if only the long-
wavelength spin waves or those with frequencies close 
to the FMR are of interest.

Nonlinear Equivalent Circuit Model for FSLs
The spin-wave model presented in Figure 14(d) can 
be combined with the nonlinear dynamic precession 
model in Figure 12 to form a complete equivalent cir-
cuit model for nonlinear RF magnetic devices, such as 
FSLs, to predict their large-signal behaviors, such as 
power-dependent insertion loss, frequency selectivity, 
intermodulations, and transient responses, in a way 
similar to what was done in [44].

An FSL device is often made by sandwiching the 
center strip of a stripline with two layers of YIG film 
or substrate with a bias field parallel to the RF mag-
netic field [30]. When a small signal of interest goes 
through the FSL along with a large-signal interferer, 
the FSL attenuates only the large signals that are above 
its threshold while letting the weak useful signal pass 
without attenuation. The bottom half of the stripline 

structure is illustrated in Figure 17, which shows an 
RF wave traveling toward the longitudinal direction 
exciting spin-wave oscillations along the thickness of 
the YIG substrate. Figure 17 also shows a possible dis-
cretization strategy for modeling, which divides the 
transmission line into multiple segments in its longitu-
dinal direction. For each segment, the current passing 
through the stripline feeds the RF energy to the oscil-
lation of the spin waves along the thickness direction 
through the nonlinear spin precession model presented 
in the section “Nonlinear Equivalent Circuit Model for 
Dynamic Spin Precession,” while the propagation of 
the spin waves between the two thickness boundaries 
can be represented by the spin-wave equivalent circuit 
in Figure 15(d).

The resulting equivalent circuit for the entire FSL 
device is thus yielded as depicted in Figure 18, which 
consists of an LC ladder network that represents the 
transmission line but with the insertion of the non-
linear spin unit into each LC unit. In each nonlinear 
spin unit, multiple three-port spin precession mod-
els are used, while each of them represents a subdi-
vision along the thickness direction. The y-ports of 
all of the spin precession models are terminated with 
a demagnetization inductor to represent the out-of-
plane shape demagnetization. The x-ports of the spin 
precession models are interconnected through a cou-
pling inductor, which represents the exchange cou-
pling, while all of the z-ports of the spin precession 
model are fed by the same dc current source, which 
represents the dc biasing field. The z-ports are also 
excited by a common RF current, which represents 
the RF magnetic field under the center strip, which 
is approximately uniform over the cross section of 
the stripline.

Such a model is used to predict the performance of 
the FSL device presented in [30]. The stripline is 25 µm 

wide, and the conductor is 
sandwiched by two layers of 
100-µm-thick, 200-µm-wide sin-
gle-crystal YIG. The total length 
of the stripline FSL is 38  mm, 
and the bias field applied is 100 
Oe ( . )7 96 10 A/m3#  in parallel 
with the RF field. In the circuit 
model, five divisions in the 
longitudinal direction and 
500 divisions in the thick-
ness directions are used. The 
circuit parameters are cho-
sen based on (38)–(41) and 
(57). The dimension param-
eters are defined as follows. 
Δz is the width of the ferrite, 
which is 200 µm, and Δy or d 
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is the thickness of each division in the thickness direction 
with an additional factor of ½ to include the upper half of 
the stripline area, which is 100 µm/500/2 = 100 nm. Δx 
is the division in the longitudinal direction, which equals 
38 mm/5 = 7.6 mm. The YIG is assumed to have a satu-
ration magnetization of 1,750 Oe ( . )101 39 A/m5#  and a 
Gilbert damping constant of .105 4# -  The entire circuit 
can be implemented in ADS and simulated with either 
transient or envelope simulations. The damping resistors 
in the circuits are assumed to be thermal resistors, and 
their thermal noise excites the oscillation of spin waves, 
powered by the RF field through the nonlinear spin pre-
cessions. The following four metrics are used to character-
ize the performance of the FSL device:

1) Limiting threshold: FSL devices start to attenuate 
the incoming RF signal when the power is above a 
certain threshold. This threshold is determined by 
the linewidth of the YIG material and the strength 
of the magnetic field, which is often controlled by 
the width of the center strip. 

2) Power-dependent insertion loss: The attenuation 
level to the strong signal in the FSL is nonlinear 

and depends on its power. A signal with higher 
power receives greater attenuation. 

3) Delay time: The FSL device requires a certain 
amount of energy to be established in the spin 
waves before it starts to attenuate the incoming RF 
signal, which leads to a delay time of the power-
limiting action. This delay time depends on the 
input power level. 

4) Frequency selectivity: The power-limiting mecha-
nism of the FSL device is coupling of the RF energy 
of the strong signal to the half-frequency spin-
wave oscillations in the material, which behaves 
as a significant energy loss to the strong signal.
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Figure 18. A proposed circuit model in the form of multiple segments of the LC transmission line, where a nonlinear spin unit 
is inserted into each LC unit. Each nonlinear spin unit consists of a large group of nonlinear spin precession models that are 
coupled to each other through a series inductor that represents exchange coupling.

The circuit models are concise 
representations of the material 
physics, and they offer direct 
insights into the nonreciprocal, 
dispersive, and nonlinear behaviors 
of the material.
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A weak signal that coexists with the strong signal but 
at a different frequency should not correlate with the 
spin-wave oscillations. It will thus not be attenuated in 
an ideal material with no damping. However, because 
of the damping of the spin precessions in real material, a 
certain correlation may be formed when the weak signal 
frequency is close to the strong signal frequency, which 
causes absorption to the weak signal. Frequency selec-
tivity characterizes how narrow an absorption band the 
strong signal creates to the weak signal. The predicted 
results with the circuit model for the previous four per-
formance metrics are plotted in Figure 19(a)–(d) and com-
pared with the experimental results presented in [30]. 
Very good agreement is observed for all four metrics, 
which confirms the effectiveness of the proposed model.

Conclusions
Equivalent circuit models are derived from micromag-
netic theory to represent the linear and nonlinear spin 
precessions and spin-wave propagations in RF magnetic 
material. The circuit models are concise representations 
of the material physics, and they offer direct insights into 
the nonreciprocal, dispersive, and nonlinear behaviors of 

the material. The equivalent circuit models for the mate-
rial can be combined with the circuit models representing 
other parts of the device to form complete device circuit 
models that can be used to predict the performance of 
RF magnetic devices. Examples like ferrite-loaded strip-
line, ferrite-loaded electrically small antennas, and FSLs 
have been used to demonstrate the efficacy of these mod-
els. Circuit simulations based on these models yielded 
results that are in good agreement with either full-wave 
simulations or measured results.
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