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Abstract—Load unbalance in electric distribution systems is un-
avoidable. Unbalanced load currents will lead to negative sequence
(NS) voltages that may damage electric equipment. Unbalanced
power flow analysis is a common tool to detect and mitigate NS
voltage issues and requires accurate models of grid components.
While traditional source models are available, grid-forming (GFM)
inverter models are not well developed. GFM inverters implement
various control strategies, which affect their power flow models.
In this article, a novel GFM inverter model considering control
effects is proposed. We show that for some control methods, un-
balanced system loading will lead to unbalanced terminal voltages
of the GFM inverters, which are modeled through an equivalent
negative sequence impedance. The proposed models are initially
validated using a simple test circuit. Then, they are applied in the
power flow analysis on the IEEE 13-bus and 34-bus systems to
demonstrate the accuracy improvement over the state-of-the-art.
Using time-domain simulations as benchmarks, we show that the
proposed models reduce the calculation error of negative sequence
voltages by at least 25% in unbalanced distribution systems.

Index Terms—Grid-forming inverter, power flow model,
unbalanced load, distribution system, microgrids.

I. INTRODUCTION

IN A three-phase electric distribution grid, single-phase and
three-phase loads are served simultaneously, and it is com-

mon for the aggregated load to be unbalanced. As a result,
unbalanced currents may flow in the distribution system. Unbal-
anced currents will introduce unbalanced voltages that can be
decomposed into the positive sequence (PS), negative sequence
(NS), and zero sequence (ZS) components.
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NS voltages in a distribution system should be limited (e.g.,
to below 2%) to avoid issues for electrical equipment such as
three-phase motors [1]. Potential NS voltage issues can be iden-
tified using power flow analyses and mitigation strategies such
as load reallocation can be implemented. Therefore, accurate
modeling of different grid components considering NS is critical
for identifying NS voltage issues.

For a conventional distribution grid, the modeling of dif-
ferent components (sources, loads, distribution lines, etc.) is
well-established [2]. However, due to the increased integra-
tion of distributed energy resources (DERs), future distribution
grids and microgrids will contain more inverter-based resources
(IBRs) such as solar photovoltaics (PVs), battery energy storage
systems, etc. [3]. Some of the interface inverters of IBRs can
be operated in grid-forming (GFM) mode to provide the sys-
tem with stable voltage and frequency [4], which is common
in isolated grids such as microgrids and remote distribution
grids. Accurate GFM inverter models are required to conduct
power flow analyses in these systems. However, accurate models
of GFM inverters considering unbalanced load conditions are
lacking in the existing literature.

A common GFM inverter model for power flow is a controlled
voltage source considering the voltage droop characteristic [5],
[6], [7], [8], [9], [10], [11], [12]. This model does not consider
the potential virtual impedance control or virtual synchronous
generator (VSG) control, which introduces an equivalent output
impedance (virtual impedance or equivalent output impedance
of the generator electrical model). Moreover, under unbalanced
load conditions, the impacts of the unbalanced currents flowing
into the inverter on the output voltage are not considered.

Ref. [13] modeled the GFM inverter as a controlled voltage
source plus its virtual impedance. However, the impacts of
unbalanced currents from unbalanced loads were not considered.
In order to consider unbalanced current impacts, NS models
were also proposed in the power flow analysis. Refs. [14], [15],
[16] proposed an impedance model for GFM inverters in NS,
defined by the inverters’ output filter impedance. Refs. [17],
[18], [19] assumed the control loop of GFM inverters can fully
compensate for the NS current impacts and used a short circuit to
represent the GFM in NS. While some control strategies are able
to fully compensate for the impacts of NS currents, as claimed
in [17], [18], [19], this is not the general case. When the NS
voltage drop is not fully compensated, the inverter output voltage
cannot be simply assumed to be balanced. Meanwhile, none of
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Fig. 1. An IBR with a two-stage interfacing inverter.

the models in [14], [15], [16], [17], [18], [19] considered the
potential output virtual impedance or VSG control impacts.

Ref. [20] proposed an impedance model to account for the
control loop impacts. However, the model is proposed for tran-
sient analyses, and the proposed model is derived under balanced
load assumptions.

Moreover, for a three-phase inverter, the NS current will
result in second-order (2nd-order) frequency voltage ripples on
the dc-link capacitors [21], which may also affect the inverter
output voltage. This has also not been considered in the existing
literature.

To address the aforementioned issues, in this article, we
propose a novel GFM inverter model considering the effects
of forming control strategies (voltage droop, virtual impedance,
VSG, etc.), control loops, and 2nd-order frequency dc-link volt-
age ripples. Moreover, we show that the impacts of forming
control, control loop, and dc-link voltage ripple on the output
voltage are usually not independent from each other. A com-
prehensive model is proposed to consider these three parts.
The proposed model can be used to improve the accuracy of
unbalanced power flow analysis with GFM inverters. We show
that the proposed model achieves higher accuracy of NS voltage
analyses in unbalanced distribution systems compared to the
state-of-the-art.

The rest of the article is organized as follows: Section II
summarizes the control strategies of GFM inverters; Section III
proposes the GFM inverter model and the derivation process;
model verification is shown in Section IV; power flow case
studies are conducted in Section V to demonstrate the accuracy
improvement from the proposed model; Section VI draws the
conclusions.

II. CONTROL STRATEGIES OF A GFM INVERTER

Three-wire GFM inverters are the most common ones seen
in a distribution grid or microgrid formed by IBRs. Three-wire
inverters can only provide PS and NS currents. The ZS currents
are provided by the step-up transformers with Delta-Yg connec-
tions or additional grounding transformers [22]. Therefore, this
paper focuses on the modeling of GFM inverters in positive and
negative sequences. A typical system diagram of an IBR (Fig. 1)
usually contains a two-stage interfacing converter [23]. In this
article, we assume the dc-link decouples the dc/dc and dc/ac
stages and focus on the modeling of the dc/ac stage.

As shown in Fig. 1, the control of the dc/ac inverter can be
divided into three stages. The first stage is the forming control
which determines the voltage and frequency characteristics.
Examples of forming control include VSG control [24], virtual
impedance control [25], droop control [26], etc. The forming
control will generate the voltage and frequency references to the
second stage, which is the control loop. The control loop will
realize the voltage and frequency references to generate duty
cycles for the modulation stage. Control loops can be either in
stationary coordinates (αβ) [27] or rotatory coordinates (dq)
[28] and can be single-loop or dual-loop. The third stage is
modulation, which transfers the duty cycles to switching com-
mands for the inverter’s semiconductor switches. In the present
study, we focus on the power flow analysis for fundamental
frequency components in the steady state. Therefore, the impacts
of the frequency forming control and the modulation stage are
trivial, and only the voltage forming control and control loops
are considered.

In the following sub-sections, we cover some background
knowledge of GFM inverter control. Typical strategies of a
GFM inverter are shown in Fig. 2, including the forming control
algorithms and control loops.

A. Forming Control

The forming control contains the algorithms for generating
frequency and voltage references. Since the power flow analysis
is conducted at the fundamental frequency, the forming control
discussion will focus on voltage forming control strategies,
including voltage droop control [26], virtual impedance control
[25], VSG control with a 2nd-order differential algebraic equa-
tion (DAE) model [29], and VSG control with a fourth-order
(4th-order) DAE model [30].

1) Voltage Droop Control: The voltage droop is usually ap-
plied to change the voltage reference based on real-time power
feedback. Q-V droop is the most commonly adopted voltage
droop control:

Vref = V ∗
ref − kQVQinv (1)

where Vref is the voltage reference to the control loop; V ∗
ref

is the voltage reference at no load condition; kQV is the droop
slope; Qinv is the reactive power of the inverter.

2) Virtual Impedance Control: The virtual impedance con-
trol can be described as:

Vref = V ∗
ref − ZvIinv (2)

where Zv is the added virtual impedance; Iinv is the inverter
current. When the control reaches the steady state, the PS circuit
can be viewed as a controlled voltage source plus an impedance.
In the actual implementation, the virtual impedance is usually
applied together with the voltage droop control.

3) VSG With 2nd-Order DAE Electrical Model: The VSG
with a 2nd-order DAE electrical model of a generator can be
described as:

Vref = E ′ − (Ra + jX ′
d) Iinv (3)
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Fig. 2. Forming control strategies and control loops for a GFM inverter.

where E ′ is the output of the generator excitation model and
assumed to be a constant; Ra is the stator resistance and X ′

d

is the transient reactance of the generator. From the control
perspective, the 2nd-order DAE model can be viewed as a virtual
impedance with actual generator parameters.

4) VSG With 4th-Order DAE Electrical Model: The VSG
with a 4th-order DAE electrical model is [30]:

V ref
d = E ′

d +X ′
q Iq −Ra Id (4a)

V ref
q = E ′

q −X ′
d Id −Ra Iq (4b)

T ′
q0

dE ′
d

dt
= −E ′

d + (Xq −X ′
q) Iq (4c)

T ′
d0

dE ′
q

dt
= −E ′

q − (Xd −X ′
d) Id + efd (4d)

where E′
d and E ′

q are transient back electromotive forces; Xd,q

and X ′
d,q are synchronous and transient reactance, respectively;

T ′
q0 and T ′

d0 are time constants; efd is the output of the excitor.
The 4th-order DAE model considers the transient performances
of a generator and can be utilized for the stability analysis.

B. Control Loops

Typical control loops for a three-wire GFM inverter can be
divided into control loops in αβ coordinates and control loops
in dq coordinates. The αβ transformation is represented as:

gαβ =
2

3
Tαβgabc (5)

gabc = TT
αβ gαβ (6)

where Tαβ =

[
1 − 1

2 − 1
2

0
√
3
2 −

√
3
2

]
, g represents the instantaneous

voltage (v) or current (i) vectors. αβ coordinates are stationary
and the three-phase voltages/currents in αβ coordinates are
sinusoidal. Therefore, in αβ coordinates, proportional-resonant

(PR) controllers are usually applied to regulate the voltage and
current.

The dq transformation is represented as:

gdq =
2

3
Tdqgabc (7)

gabc = TT
dq gdq (8)

where Tdq =

[
cosωt cos(ωt− 2π

3 ) cos(ωt+ 2π
3 )

− sinωt −sin(ωt− 2π
3 ) −sin(ωt+ 2π

3 )

]
,

dq coordinates are rotary. ω is the rotation speed of coordinates
and is generated by the frequency forming control. Proportional-
integral (PI) controllers are utilized for the control in dq coordi-
nates. Note that, in dq coordinates, only the three-phase compo-
nents that have the same rotation direction as coordinates can be
transformed into dc components. A three-phase voltage/current
that contains PS and NS components can be written as:⎧⎨
⎩
ga = G1 cos (ωt+ θg1) +G2cos (ωt+ θg2)
gb = G1 cos

(
ωt+ θg1 − 2π

3

)
+G2cos

(
ωt+ θg2 +

2π
3

)
gc = G1 cos

(
ωt+ θg1 +

2π
3

)
+G2cos

(
ωt+ θg2 − 2π

3

)
(9)

where G1 is the PS component, and G2 is the NS component.
The voltage/current after αβ and dq transformations are given
in (10a) and (10b), respectively.{

Gα = G1 cos (ωt+ θg1) +G2 cos (ωt+ θg2)
Gβ = G1 sin (ωt+ θg1)−G2 sin (ωt+ θg2)

(10a)

{
Gd = G1 cos θg1 +G2 cos (2ωt+ θg2)
Gq = G1 sin θg1 −G2 sin (2ωt+ θg2)

(10b)

Therefore, when the voltage/current has NS components, after
the αβ transformation, the NS components will be transformed
into fundamental frequency components; after the dq transfor-
mation, the NS components will be transformed into 2nd-order
frequency components. The PR controller has infinite gain at
fundamental frequency, while the PI controller does not have
infinite gain at 2nd-order frequency. As a result, the output
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Fig. 3. GFM inverter modeling methodology.

voltage can follow the reference without static error in control
loops inαβ coordinates, whereas control loops in dq coordinates
will have static error. A detailed analysis of the control loop
impacts will be provided in the next section.

III. GFM INVERTER MODELING

A. Modeling Methodology

The modeling methodology is summarized in Fig. 3. The im-
pacts of the forming control and control loops are initially mod-
eled independently for both positive and negative sequences.
Then the models of forming control and control loops will be
combined to generate the output duty cycles. Based on the duty
cycles and inverter model, the inverter output voltage can be
calculated. Note that this methodology is for voltage source in-
verters that are most widely applied. For current source inverters,
the output current should be calculated. After the inverter output
voltage is derived, an equation can be formulated based on the
electrical constraints of the output filter, which can be written
as: {

vout
abc − Zlf i

out
abc = vinv

abc

iout
abc = iinv

abc + Ycfv
inv
abc

(11)

where Zlf ∈ C3×3 is the impedance matrix of the inverter filter
inductor andYcf ∈ C3×3 is the admittance matrix of the filter ca-
pacitor; voutabc ∈ C3×1 is the three-phase terminal voltage before
filters, vinvabc ∈ C3×1 is the three-phase voltage that the inverter
regulates; ioutabc ∈ C3×1 is the three-phase current through the
filter inductor; iinvabc ∈ C3×1 is the three-phase output current
of the inverter. Based on (11), the inverter voltage and current
relationship can be obtained so that the GFM inverter model can
be derived.

B. Forming Control Modeling

The modeling of the forming control will include models in
positive and negative sequences.

Fig. 4. Modeling of the forming control stage.

1) Voltage Droop Control: The voltage droop control, as
shown in Fig. 4, is modeled as a controlled-voltage source in
the PS circuit. In the NS circuit, it is modeled as a short circuit.

2) Virtual Impedance and 2nd-Order VSG Control: For the
virtual impedance control and 2nd-order DAE generator model,
according to (2) and (3), in the PS circuit, the control can be mod-
eled as a controlled voltage source plus the virtual impedance.
In the NS circuit, the control can be modeled as the virtual
impedance. According to (10), the PS and NS components in
the q axis have opposite directions. This may impact the output
NS reactance phase angle. For example, in dq coordinates,
the virtual inductance is realized by adding positive IqωLv to
voltage reference in d axis and negative IdωLv to the reference
in q axis. However, after inverse dq transformation, in NS circuit,
this control will result in a virtual capacitance. Therefore, in dq
coordinates, the virtual impedances can be written as:{

Zv1 = Rv + jXv

Zv2 = Rv − jXv
(12)

where Rv and Xv are the virtual impedance in the control loop,
Zv1 and Zv2 are the PS and NS impedances of forming control.

3) 4th-Order VSG Control: The 4th-order DAE synchronous
generator model is in dq coordinates. According to (10), the
NS voltage/current will have 2nd-order frequency components.
Applying Laplace transformation for (4), in the s domain, the
model becomes:

V ref
d = E ′

d (s) +X ′
q (iq1 (s) + iq2 (s))

−Ra (id1 (s) + id2 (s)) (13a)

V ref
q = E ′

q (s)−X ′
d (id1 (s) + id2 (s))

−Ra (iq1 (s) + iq2 (s)) (13b)

E′
d (s) =

(Xq −X ′
q) (iq1 (s) + iq2 (s))

1 + T ′
q0s

(13c)

E ′
q (s) = − (Xd −X ′

d) (id1 (s) + id2 (s))

1 + T ′
d0s

+
efd (s)

1 + T ′
d0s
(13d)
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where id1 (s) =
I1 cos θi1

s and iq1 (s) =
I1 sin θi1

s are s domain
PS currents in dq axis;id2 (s) = I2 ( cos θi2ss2+4ω2 − 2 sin θi2ω

s2+4ω2 )and

iq2 (s) = −I2 ( 2 cos θi2ωs2+4ω2 + sin θi2s
s2+4ω2 ) are the NS dq currents

in the s domain; efd (s) =
efd

s . When the control reaches
the steady state, in the time domain, the PS and NS circuits
are different. After taking the inverse Laplace transformation,
during the steady state, the PS components will not be changed.
The NS currents in the time domain are:

i′d2 (t) = L−1

(
id2 (s)

1 + T ′
d0s

)

=
I2
λd

cos (2ωt+ θi2 + ψfd)− I2Kd

λ2
d

e
− t

T ′
d0 (14a)

i′q2 (t) = L−1

(
iq2 (s)

1 + T ′
q0s

)

=
I2
λq

cos (2ωt+ θi2 + ψfq) +
I2Kq

λ2
q

e
− t

T ′
q0 (14b)

where ⎧⎪⎨
⎪⎩

λd =
√

1 + 4ω2T
′2
d0

Kd = cosθi2 + 2T ′
d0ω sin θi2

ψfd = arctan− (2T ′
d0ω)

(15)

⎧⎪⎨
⎪⎩

λq =
√

1 + 4ω2T
′2
q0

Kd = sinθi2 − 2T ′
d0ω cos θi2

ψfd = arctan 1
2T ′

q0ω

(16)

Note that the model in (13) is a normalized model. According
to λd and λq in (15) and (16), since T ′

d0 and T ′
q0 are usually large

[31], the 2nd-order frequency components in E′
d and E ′

q can be
omitted. Therefore, voltage references in the steady state are:{
V ref
d = Xq iq1 (t)−Raid1 (t) +X ′

qiq2 (t)−Raid2 (t)
V ref
q =efd (t)−Xdid1 (t)−Raiq1 (t)−X ′

did2 (t)−Raiq2 (t)
(17)

where id1(t) and iq1(t) are dc components; id2(t) and iq2(t)
are 2nd-order frequency components. Separating the PS and NS
components in (17), the PS model (18a) is the generic steady-
state model of synchronous generators. The NS model (18b)
contains transient reactance terms.{

V ref
d1 = Xqiq1 (t)−Raid1 (t)

V ref
q1 = efd (t)−Xdid1 (t)−Raiq1 (t)

(18a)

{
V ref
d2 = X ′

qiq2 (t)−Raid2 (t)

V ref
q2 = −X ′

did2 (t)−Raiq2 (t)
(18b)

In the NS circuit, after the inverse dq transformation, the dq
coupling terms X ′

qiq2(t) and −X ′
did2(t) in (18b) are:⎧⎪⎨

⎪⎩
vrefa2, coup = A sin (3ωt+ θi2)−B sin (ωt+ θi2)

v ref
b2, coup=A sin

(
3ωt+θi2− 2π

3

)−B sin
(
ωt+θi2+

2π
3

)
v ref
c2, coup=A sin

(
3ωt+θi2+

2π
3

)−B sin
(
ωt+θi2− 2π

3

)
A =

I2
(
X ′

d −X ′
q

)
2

, B =
I2
(
X ′

d +X ′
q

)
2

(19)

Fig. 5. Modeling of the control loop stage.

The 3rd-order component will not lead to current in a three-
wire inverter, meaning that it will not impact the inverter model.
After omitting the 3rd-order components, according to (9),
(18b), and (19), using phase a as an example, the voltage
reference is:{

vrefa2 =
(X ′

d+X ′
q)

2 I2cos
(
ωt+ θi2 +

π
2

)−Raia2
ia2 = I2 cos (ωt+ θi2)

(20)

From (20), in the NS circuit, the VSG model is an impedance,
and the impedance value is the average of the dq transient
reactance plus the stator resistance. Note that since the current
direction is defined as flowing out of the inverter, the reactance
part is capacitive.

C. Control Loop Modeling

1) Control Loop inαβ Coordinates: Inαβ coordinates, both
PS and NS components of the voltage/current are at the fun-
damental frequency. PR controllers are applied to regulate the
output voltage/current, therefore, when the control reaches a
steady state, the controller can regulate the voltage/current to
follow the references with no static error. The control loop will
not lead to extra impacts on PS or NS models of the inverter.
Thus, it is modeled as a short circuit in Fig. 5.

2) Control Loop in Dq Coordinates: In dq coordinates, ac-
cording to (10), the NS components will be transformed into
2nd-order frequency components. Since the PI controller has
finite gain at 2nd-order frequency, the control loop will have
impacts on the output voltage. For PS components, when the
control reaches the steady state, the output voltage/current will
follow the reference without static error. The PS circuit can be
modeled as a short circuit.

In dq coordinates, when the PI controller in the control loop
in Fig. 2 is applied to NS components, it can be written as:

{
Gd

out = kdpg (gd2) + kdig
∫
(gd2) dt

Gq
out = kqpg (gq2) + kqig

∫
(gq2) dt

(21)

where g can be either voltage or current; kd,qpg and kd,qig are the PI
controller parameters for the voltage/current loop. Note that the
parameters of the voltage-loop and current-loop PI controllers
in d axis are usually the same as the parameters in q axis,
respectively. We use kpg and kig to represent those parameters
for simplicity. For a single control loop, the input and output

Authorized licensed use limited to: UNIVERSITY OF TENNESSEE LIBRARIES. Downloaded on April 18,2024 at 19:31:29 UTC from IEEE Xplore.  Restrictions apply. 



4316 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 39, NO. 2, MARCH 2024

relationships are derived by substituting (10) into (21):⎧⎪⎨
⎪⎩
Gd

out = G2 |Zcgs| cos (2ωt+ θg2 − ψgs)
Gq

out = −G2|Zcgs| sin (2ωt+ θg2 − ψgs)

|Zcgs| =

√
(kpg)

2 +
(kig)

2

4ω2 ψgs = arctan
kig

2ωkpg

(22)

Therefore, compared with the NS components in (10), the
single PI loop introduces a complex gain at 2nd-order frequency:

Zcgs = |Zcgs|∠− ψgs (23)

where g can be either voltage (v) or current (i). For a double loop
control (outer voltage loop and inner current loop), after two PI
loops, the input and output relationships are:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Gd
out = G2 |Zcvi| cos (2ωt+ θg2 − ψvi)

Gq
out = −G2 |Zcvi| sin (2ωt+ θg2 − ψvi)

|Zcvi| =

√(
kpvkpi − kivkii

4ω2

)2
+
(

kivkpi

2ω +
kpvkii

2ω

)2
ψvi = arctan

kivkpi
2ω +

kpvkii
2ω

kpvkpi− kivkii
4ω2

(24)
The double-loop control will also introduce complex gain at

2nd-order frequency:

Zcvi = |Zcvi |∠− ψvi (25)

The control loop models are summarized in Fig. 5.

D. DC-Link 2nd-Order Frequency Ripple Modeling

In the GFM inverter shown in Fig. 1, NS current on the ac
side will result in 2nd-order frequency currents on the dc-link,
which can be written as [21]:

Ĩdc (t) =
3M

4
I2 cos (2ωt+ θv1 + θi2) (26)

where M is the modulation index; θv1 and θi2 are the phase
angles for the PS voltage and NS current. The direction of the
dc-link current is flowing into the inverter. To protect the DER,
the 2nd-order frequency current on the dc-link is blocked by the
dc/dc stage. Therefore, the 2nd-order frequency current will go
through the dc-link capacitor, resulting in voltage ripples on the
dc-link:

Ṽdc (t) = − 1

Cdc

∫
Ĩdc (t) dt+RdcĨdc (t)

≈ − 3M

8ωCdc
I2 sin (2ωt+ θv1 + θi2) (27)

whereRdc is the parasitic resistance of the dc-link capacitor and
is usually very small compared to the reactance of the dc-link
capacitor. Thus, it can be omitted without much affecting the
accuracy. The dc-link ripple will impact the inverter model in
Fig. 3. If the dc-link voltage ripple is omitted, the inverter output
voltage can be calculated by the generated duty cycles multiplied
by one-half of the dc-link voltage. When the dc-link ripple is
considered, the inverter output voltage is calculated as:

voutabc (t) = dabc (t)

(
Vdc + Ṽdc (t)

)
2

(28)

where the output duty cycles dabc(t) are:⎧⎨
⎩
da = D1 cos (ωt+ θd1) +D2cos (ωt+ θd2)
db = D1 cos

(
ωt+ θd1 − 2π

3

)
+D2cos

(
ωt+ θd2 +

2π
3

)
dc = D1 cos

(
ωt+ θd1 +

2π
3

)
+D2cos

(
ωt+ θd2 − 2π

3

)
(29)

Multiplying the PS duty cycles by the dc-link voltage ripple:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

da (t)× Ṽdc(t)
2 = kdc (cos (3ωt+ θdc3) + cos (ωt+ θdc))

db (t)× Ṽdc(t)
2

= kdc
(
cos
(
3ωt+ θdc3 − 2π

3

)
+ cos

(
ωt+ θdc +

2π
3

))
dc (t)× Ṽdc(t)

2
= kdc

(
cos
(
3ωt+ θdc3 +

2π
3

)
+ cos

(
ωt+ θdc − 2π

3

))
(30)

where kdc = − 3M
32ωCdc

I2D1, θdc = θv1 + θi2 − θd1 − π
2 and

θdc3 = θv1 + θi2 + θd1 − π
2 . The 3rd-order components will be

eliminated by the step-up transformer with Delta-Yg configura-
tion. The fundamental frequency components in (30) become
NS, meaning that the PS duty cycles, and 2nd-order frequency
dc-link voltage ripples will generate NS components in the
output voltage. Similarly, multiplying the NS duty cycles by the
dc-link voltage ripple generates 3rd-order and PS fundamental
frequency components. However, in the steady state, the NS
duty cycles are usually much smaller than PS duty cycles, and
the ripple is usually limited by design. Therefore, the 2nd-order
frequency ripple impacts on the PS circuit can be neglected and
the modeling will focus on the NS circuit.

According to fundamental components in (30), the PS duty cy-
cle (d1) will impact the output NS voltage. In theαβ coordinates,
when the control reaches the steady state, the PR controller can
regulate the output voltage to the reference values. Therefore,
the dc-link ripple impacts can be compensated by the controller.
However, in dq coordinates, since the PI controller cannot
eliminate 2nd-order frequency components (NS), the dc-link
ripple impacts cannot be fully compensated. When sinusoidal
pulse width modulation (PWM) is applied, the PS duty cycle
magnitude can be approximated by:

D1 ≈ V1
Vdc

2

=M (31)

Examining (9), (26), (30), and (31), the 2nd-order frequency
dc voltage ripple will lead to a complex gain in the NS circuit:

Zdc = − 3M2

32ωCdc
∠
(
θv1 − θd1 − π

2

)
(32)

E. GFM Inverter Model Derivation

In αβ coordinates, the control loop can compensate for the
NS voltage to achieve a balanced output voltage. Therefore, the
GFM inverter model is the model of its forming control stage,
which is summarized in Table I. The equivalent circuits are
shown in Fig. 6. The control loop and dc-link ripple impacts
will not impact the model.

In dq coordinates, since the PI controller has no static error on
dc components, the control loop will not impact the PS output
voltage. The PS model of a GFM inverter is the model of the
forming control. For the NS model, (11) will be used for the
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TABLE I
NS MODELS OF GFM INVERTERS

Fig. 6. GFM inverter model.

model derivation. According to Fig. 1, the output voltage will
be sampled back to the converter; the sampling usually scales
down the measurement value and filters out switching frequency
harmonics. To avoid the potential impacts on the control, the
cut-off frequency of the low-pass filter is usually much higher
than the fundamental frequency. Therefore, the sampling stage
can be modeled by a scaling factor.

In the NS circuit, based on the aforementioned discussion,
the forming control stage can be modeled as impedances (for
the voltage droop case, the impedance value can be viewed as
zero). To simplify the derivation, Zvfm = Rfm −Xfm is used
to represent the NS impedance of the forming control. For a
single voltage loop control shown in Fig. 2, considering the
forming control stage, the inverter output duty cycles can be
written as:⎧⎪⎪⎨
⎪⎪⎩
dd2 = PIdv (kif (−Rfmid2 +Xfmiq2 − kvfvd2))

+kifωLf iq2
dq2 = PIqv (kif (−Rfmiq2 −Xfmid2 − kvfvq2))

−kifωLf id2

(33)

where kif and kvf are scaling ratios of the sampling stage. After
inverse dq transformation in (8) and considering dc-link voltage
ripple impacts in (30), using phasor representation, the output
NS voltage can be represented as:

�V out
2 = − ki2 ZvfmZcvs

�Iinv2 + ki2Zlf
�Iout2

+ Zdc
�Iout2 − kv2Zcvs

�V inv
2 (34)

where �V out
2 and �V inv

2 are the inverter NS output voltage and
terminal voltage; �Iout2 and �Iinv2 are the inverter NS output current
and NS current flowing out of the terminals; ki2 =

kifVdc

2 ,

kv2 =
kvfVdc

2 . According to (11) and (34), the relationship
between the NS terminal voltage and NS terminal current can

be represented as:

�V inv
2 = Zinv2

�Iinv2 (35)

where

Zinv2 = −ki2ZvfmZcvs + (1− ki2)ZLf − Zdc

kv2Zcvs + 1− Zdc

Zcf
+ (1− ki2)

ZLf

Zcf

(36)

For the dual-loop control, a similar relationship can be ob-
tained, the impedance is written as:

Zinv2 = −ki2ZvfmZcvi + ki2Zcis + (1− ki2)ZLf − Zdc

kv2Zcvi + 1 + ki2
Zcis

Zcf
− Zdc

Zcf
+ (1− ki2)

ZLf

Zcf

(37)
Zinv2 can be considered as an impedance in the NS circuit.

The NS impedance model considers the impacts of the forming
control, control loop, and the 2nd-order frequency dc-link volt-
age ripple. For control in both dq and αβ coordinates, the PS
model will follow the forming control model. The NS model will
behave as an impedance. A generalized GFM inverter model is
summarized in Fig. 6 and the NS impedances are summarized
in Table I.

Since most unbalanced power flow analyses are conducted
using algorithms for three-phase systems, the GFM inverter
model can be converted to a voltage source followed by a
three-phase impedance. The impedance matrix is given by:

Zeq = AZinvA
−1

Zinv =

⎡
⎣0 0 0
0 Zinv1 0
0 0 Zinv2

⎤
⎦

A =

⎡
⎣1 1 1
1 a2 a
1 a a2

⎤
⎦ , a = ej

2π
3 (38)

Note that Zeq is not full rank since the GFM inverter is
three-wire. In practice,Zeq can be combined with the impedance
matrix of the step-up transformer to make the system bus admit-
tance matrix invertible.

IV. MODEL VERIFICATION

The derived model is verified in MATLAB Simulink with the
circuit shown in Fig. 7. The detailed parameters are summarized
in Table II. A two-level voltage source inverter is modeled using
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Fig. 7. Circuit of the derived model verification.

TABLE II
PARAMETERS OF THE MODEL VERIFICATION CIRCUIT

the switching model and includes the dc/ac stage and a boost
converter as the dc/dc stage. 2nd-order frequency current control
is implemented in the dc/dc stage to avoid dc current flowing into
the DER [32]. Note that if the dc 2nd-order frequency current is
fully provided by the DER and dc/dc stage, the dc ripple impacts
(Zdc) will become zero.

Different forming control algorithms and loops are simulated.
All control algorithms are realized in the model in Fig. 7. The PS
and NS impedances are calculated using measurements in the
model. They are assumed to be the ground truth for comparison
with the derived models. Since the 4th-order DAE generator
model is realized in dq coordinates, to achieve the 4th-order
DAE generator model with control loops in αβ coordinates, the
generated voltage references are transformed from dq coordi-
nates to αβ coordinates.

From the derived model, the NS performances of all the
aforementioned algorithms are impedances. Therefore, the NS
impedance can be directly measured by the inverter output NS
voltage and current. For the PS impedance, since the 4th-order
DAE generator model is in dq coordinates, the PS output can be
viewed as a voltage source and a fixed impedance. Therefore, the
verification of the 4th-order DAE generator model focuses on
the NS model. The PS impedance of other models are measured

by the voltage difference over the current difference. The voltage
difference (Δ�V1) and current difference (Δ�I1) are gathered by
introducing load steps in the simulation. Note that the direction
of the measured current is flowing out of the inverter.

The verification results are summarized in Table III, where the
calculated PS/NS impedance and measured PS/NS impedance
are compared. The output voltage and inductor current wave-
forms are summarized in Fig. 8, where with different control
algorithms, the output voltage unbalance is different under the
same load condition. This shows that different control algo-
rithms have different impacts on the NS model of the GFM
inverter. The voltage unbalance factor Vunb, defined as the NS
voltage divided by the PS voltage [1], is proportional to the NS
impedance of the GFM inverter, since the load current remains
the same for all cases. For example, as shown in Table III, the
dual loop control in dq coordinates has the largest impedance.
This corresponds to Fig. 8(d), where the voltage unbalance factor
is 12.13%.

In αβ coordinates, the measured PS and NS impedances
match the derived results with neglectable errors. This is because
the PR controller used in αβ coordinates can regulate the output
voltage to the reference value, so the dc-link ripple has no impact
on the equivalent impedances.

In dq coordinates, the measured PS impedances match the
derived results, while the NS impedances have some error. For
dual-loop controls, the error of the NS voltage amplitude is less
than 5% and the phase error is less than 2%. For the single-loop
controls, the error of the NS voltage amplitude is less than 15%
and the phase error is less than 20%. However, the derived NS
impedances are also more accurate than the models in [14], [15],
[16] and [17], [18], [19], which are summarized in Table IV. The
gaps between the derived values and measured values come from
the inverter switching actions and the NS impedance introduced
by the dc-link ripple. For dc-ripple impacts, the derivation of (26)
in [21] assumes that the output voltage only contains PS and ZS
components. However, the output voltages of inverters may also
contain NS components that can affect the dc current ripples.
The contribution of NS voltage on the dc link current ripples is
very small as compared to the PS voltage and is hence omitted
in this study. Meanwhile, PS duty cycle amplitude is assumed to
be the modulation index in (31), which also introduces minimal
modeling error. In addition to control loops, the output NS
impedance will also be impacted by the non-ideal part of the
inverter such as the on-resistance of semiconductor devices.

From the impedance value perspective, the forming control is
usually designed to introduce inductive impedances. Therefore,
the NS impedances introduced by the forming control are capac-
itive, which can cause potential resonance with other sources that
have inductive NS impedances such as synchronous generators
[31]. The dq control loops will introduce inductive impedances,
therefore, the dq control loop can partially compensate for
the NS impedances generated by the forming control. Taking
dual-loop control as an example, the forming control impedance
of the 4th-order DAE generator model is higher than the virtual
impedance control, however, the eventual output NS impedance
amplitude of the 4th-order DAE generator model control is
smaller than the virtual impedance control.
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TABLE III
MODEL VERIFICATION SUMMARY

Fig. 8. Simulation waveforms of different control algorithms: (a) voltage droop with single loop (dq); (b) virtual impedance with single loop (dq); (c) 4th-order
generator with single loop (dq); (d) voltage droop with dual loop (dq); (e) virtual impedance with dual loop (dq); (f) 4th-order generator with dual loop (dq); (g)
voltage droop (αβ); (h) virtual impedance with single loop (αβ); (i) 4th-order generator with single loop (αβ).

TABLE IV
IMPEDANCE IN EXISTING LITERATURES

V. POWER FLOW ANALYSIS RESULTS

In this section, we investigate the impacts of the proposed
GFM inverter model on the power flow analysis. The proposed
model is compared with the inverter models in the existing
literature [13], [14], [15], [16], [17], [18], [19], which can be

classified into three models: filter impedance model [14], [15],
[16], short-circuit model [17], [18], [19], and virtual impedance
model [13].

The inverter (parameters given in Table II) replaces the sub-
station buses in IEEE 13-bus and 34-bus systems to serve as
the source. In the case study, the IEEE 13 and 34 bus system
models are built in MATLAB Simulink (time step is 2e-6 s).
Time domain simulations are conducted, and bus voltages are
measured. The measured voltages are used as the baseline for
the comparison with the power flow analysis.

The power flow is calculated in OpenDSS [33], where the
proposed model and models in the existing literature are com-
pared. The PS and NS impedances are modeled as reactors
and connected to the sources. In the Simulink model, loads are
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Fig. 9. Testing results in the 13-bus system.

realized by “Three-phase Series RLC Load”, which are constant
impedance loads in time domain simulation. Therefore, all the
load models in OpenDSS are changed to constant impedance
loads. Note that since during the derivation, the NS current
direction is out of the inverter, the actual NS impedance applied
in the model should have a 180-degree phase shift.

A. 13-Bus System

In this case, a dual-loop voltage control loop with virtual
impedance forming control is applied to the inverter. After a
180-degree phase shift, the inverter PS and NS impedances are
0.0088∠78.7◦Ω and 0.0237∠22.7◦Ω, respectively. The power
flow analysis results of the 13-bus system are shown in Fig. 9,
where the PS and NS voltages of different buses are listed. Since
PS and NS voltages are defined for three-phase buses, PS and
NS voltages of non-three-phase buses are not listed. According
to Fig. 9, for PS voltages, the results from the derived model and
the virtual impedance model [13] match the baseline simulation
ones, while the results from the filter impedance models [14],
[15], [16] and short circuit models [17], [18], [19] have more
than 30% error. For the NS voltage, the derived model and
the models in the existing literature have significantly different
results. Based on the baseline simulation results, the derived
model has less than 5% error while the virtual impedance model
has more than 30% error and the filter impedance models [14],
[15], [16] and short circuit models [17], [18], [19] have more
than 50% error. This indicates that the derived model accurately
captured the impacts of the GFM inverter control using an
equivalent impedance in NS, and it achieved significant accuracy

Fig. 10. Testing results in the 34-bus system.

improvement in the calculated NS voltage without losing the
accuracy of PS voltages.

B. 34-Bus System

In this case, the voltage droop control with dual-loop control
in dq coordinates is applied to the GFM inverter. The short
circuit and filter impedance models are also applied for com-
parison. Note that since the forming control is droop, the virtual
impedance model is the same as the short circuit model. The
PS impedance is zero and the NS impedance is 0.0297∠30.3◦Ω
after a 180-degree phase shift. The results of the 34-bus system
are shown in Fig. 10, where the calculated PS voltages of all the
models are accurate (less than 2% error). For the NS voltages,
the derived model still shows less than 5% prediction error while
the existing models have more than 50% error.

The proposed GFM inverter power flow model achieves sig-
nificant improvement in NS voltage accuracy over the state-of-
the-art methods. This shows that the various control algorithms
implemented in GFM inverters have significant impacts on the
accuracy of the equivalent power flow model, especially under
unbalanced conditions. Adding the equivalent NS impedance in
the GFM inverter power flow model is necessary to accurately
reflect the output of the GFM inverter in unbalanced conditions.

VI. CONCLUSION

Existing GFM inverter models have not fully considered the
impacts of its control, especially under unbalanced conditions.
In this article, the control effects of grid-forming inverters are
modeled, considering different forming control algorithms, con-
trol loops, and dc-link voltage ripples.
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The PS models of GFM inverters are determined by the
forming control, while the NS models are more complex. For
the droop control, the NS forming control model is a short
circuit model. For the virtual impedance control, the virtual
inductance in PS is equivalent to a virtual capacitance in NS.
For the 4th-order VSG control, the NS forming control model is
an impedance, its value being the stator resistance plus a virtual
capacitance.

Control loops in αβ coordinates will not introduce additional
elements in the GFM model. Control loops in dq coordinates
will lead to additional impedances in NS. This control effect is
largely neglected in the existing literature.

Considering the impacts of dc-link voltage ripples, the PR
controllers used in control loops in αβ coordinates can compen-
sate for the dc-ripple impacts. However, in dq coordinates, the
PI controllers do not have infinite gain at 2nd-order frequency,
and the dc-ripple will result in an additional impedance in the
NS circuit.

In summary, in αβ coordinates, the GFM inverter model
only contains the forming control model; in dq coordinates, the
GFM inverter model needs to consider the combined impacts of
forming control, control loop, and dc-link voltage ripples.

The derived models are applied in power flow analyses in
the IEEE 13-bus and 34-bus systems and compared with the
GFM models in the existing literature. The results show that by
using the derived model, the power flow analysis can achieve
high calculation accuracy for both the PS and NS voltages.
Using time-domain simulation results as baselines, the error of
NS voltage calculated using the proposed model is less than
5% compared to more than 30% using the existing models. In
addition, the derived model can be easily integrated into existing
power flow models by modifying the impedance matrix, and will
not introduce penalties in terms of computational effort.
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