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1. Introduction

A wide range of physical and engineering systems involve
coupling between continuous dynamics and discrete events. Sys-
tems in which these two kinds of dynamics interact are called
switched systems. Switched systems consist of a finite number
of different modes subject to a discrete rule that orchestrates
the switching law between them. The stability issue is the main
concern in the field of switched systems, which have been widely
studied in the literature and have attracted much attention (De-
carlo et al., 2000; Liberzon, 2003; Lin & Antsaklis, 2009). It is
known that even if the switched system is fully composed of
stable modes, it is still possible to have a divergent trajectories
caused by the failure to absorb the energy increase caused by the
switching, except for some special cases, under some algebraic
conditions (Narendra & Balakrishnana, 1994; Zhai et al., 2006).
On the other hand, in the presence of unstable modes, if one
either stays too long at or switches too frequently to the unstable
subsystem, stability may be lost. In these cases, the switched
system can be stabilized under an appropriate switching law.
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The appropriate switching signals in time domain is determined
by the dwell-time or average dwell-time switching. It is shown
that if one switches less frequently, one may trade off the energy
increase caused by switching (or unstable modes), and maintain
the stability of the system, which means that the dwell time (or
in average) between any consecutive switching have to be no
smaller than a constant 7, > 0. This concept has been stud-
ied for continuous-time switched systems, extended to the case
where both stable and unstable subsystems coexist (Hespanha &
Morse, 1999; Liberzon, 2003; Xiang & Xiao, 2014; Zhaoa et al.,
2012). The dwell time results were extended to the discrete-
time switched systems in Geromel and Colaneri (2006), Zhai et al.
(2002), Zhang et al. (2014), Ren et al. (2017). Most of the existing
results are concerned with switched systems operating on the
continuous or discrete uniform time domains separately. How-
ever, in several areas of engineering applications, there are many
situations when the switched system is composed of continuous-
time and discrete-time subsystems, such as communication fail-
ures in networked control systems, where the information is
exchanged over some disconnected time intervals due to unre-
liable communication channels. A cascaded system composed of
a continuous-time plant, a set of discrete-time controllers and
switching between them is also an example. In this situation
the time domain is neither continuous nor uniformly discrete. To
extend the existing results for systems evolving on a non-uniform
time domain, time scales theory was introduced. This theory
unifies between continuous-time and discrete-time analysis that
allows to study the stability and control of dynamical systems
on an arbitrary time domain (discrete with variable steps or a
combination between discrete and continuous times) (Bohner
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& Peterson, 2001). The stability of dynamic equations on time
scales has been investigated in Potzsche et al. (2003), Peterson
and Raffoul (2005), Du and Tien (2007). Switched systems on an
arbitrary time scales have been studied and generalized in Davis
et al. (2010), Eisenbarth et al. (2014). In this work, we are inter-
ested in a special class of switched systems, where the system
switches between continuous-time subsystems evolving on vari-
able length intervals and discrete-time subsystems with variable
discrete-step sizes. Such time domain is non-uniform, therefore,
it is necessary to derive new conditions to establish stability
for this class of switched systems by introducing the time scale
T, formed by a union of disjoint closed intervals with variable
lengths and gaps. This special class of switched systems was con-
sidered in Taousser et al. (2014), Taousser et al. (2015b), Taousser
et al. (2015a), where conditions have been derived to guarantee
the exponential stability. This class of switched systems has been
introduced in the study of the problem of multi-agent systems
with intermittent information transmissions in Taousser et al.
(2016), and in the modeling of intermittent hormone therapy for
prostate cancer in Higgins et al. (2020). However, in all these
works, the time scale T is supposed to be known and given
in advance. Motivated by that, we are interested in deriving a
stabilizing switching rule of this class of switched systems via
dwell time conditions. Notice that, when the discrete step size
is variable in time, the stability of the discrete-time subsystem
depends strongly on the size of the discrete steps, which should
be confined by a pair of upper and lower bounds to guarantee its
stability. In this case, the existing results of dwell time approaches
cannot be applied. Therefore, it is necessary to derive new dwell
time conditions to establish stability for this class of switched
systems by introducing the time scales.

In this paper, new stabilizing switching law are derived using
dwell time approaches in time scales theory. Numerical exam-
ples show the effectiveness of the proposed methods, and an
application to a consensus problem for multi-agent systems with
intermittent information transmission is provided.

2. Preliminaries and problem statement
2.1. Preliminaries on time scale theory

In this subsection, we recall some basics on time scale theory
(see Bohner and Peterson (2001)) and derive a proposition to
characterize the time scale exponential function.

A time scale T is a nonempty closed subset of R. We define the
forward jump operator o : T — T by o(t) = inf{s € T : s > t},
and the backward jump operator p : T — T by p(t) = sup{s € T :
s < t}. The mapping u : T — R™, called the graininess function, is
defined by u(t) = o(t) — t, which measure the distance between
two consecutive times. A point t € T is called right-scattered if
o(t) > t, right-dense if o(t) = t, left-scattered if p(t) < t and
left-dense if p(t) = t. The set T is defined as follows: if T has a
left-scattered maximum m, then T = T—{m}; otherwise T = T.
Let f : T — R, the A-derivative of f at t € T* is defined as

£5(0) = tim @OV =)

s>t o(t)—s

One can notice, if T = R, o(t) = ¢ and f4(t) = f(t), which
is the euclidian derivative of f; and if T = hZ, o(t) = t + h,
then f4(t) = f(”h# So using time scale theory, the theory
of differential and difference equations is unified. A function f :
T — R is said to be rd-continuous, if it is continuous at right-
dense points in T and its left limit exists at left-dense points in
T. A function p : T — R is regressive if 1+ u(t)p(t) # 0, Vt € T*.
We denote the set of regressive and rd-continuous functions by R
and by R, if they satisfy 14 u(t)p(t) > 0, Vt € T* (i.e., positively
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regressive functions). Similarly, a function matrix A : T — R" is
called regressive, if and only if (I + w(t)A) is invertible Vt € T, or
equivalently A is regressive if and only if all its eigenvalues are
regressive. The set R together with the circle addition & defined
by (p & q)(t) = p(t) + q(t) + wn(t)p(t)q(t), p,g € R, t € Tis
an Abelian group. The inverse element is ©p(t) = 5 +;‘(’§t) ) and
the circle subtraction is defined by (p © q)(t) = p(t) & (&q(t)) =

p(t) —q(t) .
————— " Note that if p, , then ©p, , s .
1+ u(0g(0) P.gER op, pPq,pOq,qOp € R
Forh > Oletthe C, :={z € C: z # '}, and for h = 0,
Cp := C. Define, for z € Cy, the function &(z) := %log(l + hz),
and for h = 0, &y(z) := z. The generalized exponential function of
p € R on the time scale T is expressed by

ep(t,s) = exp (/ SH(I)(p(r))Ar> for s,t eT,

and the A-integral is used (see Bohner and Peterson (2001)). In
. t

particular, for T = R, e,(t,ty) = el P47 and for T = hz,

ep(t,s) = ]_[i;ﬁ(l + hp(t)). The exponential function has the

properties, for p,q € R, t,s € T:

ep(t,s) =

ep(s, t)
Let A € R™" be a regressive matrix, the generalized exponential
function e4(t, ty)xo is the unique solution of

x2(t) = Ax(t), x(to) =Xo, to € T. (1)

System (1) is exponentially stable on T, if there exists a constant
B > 1and 0 > A € R™, such that the corresponding solution
satisfies

IX(O1 = Blixollex(t, to),

This characterization is a generalization of the definition of ex-
ponential stability on R or hZ. More specifically, the condition
0> XieR isreducedtor < OforT =R,and to 0 < 14+u(t)A <
1,Vt € T for any discrete time scale T with graininess function
u(t). Since e, (t, tg) can be negative, the positive regressivity of A
is needed (see Bohner and Peterson (2001)). To study the stability
of linear dynamical systems on time scale T, a particular open set
of the complex plane called the Hilger circle is defined for all t € T
as

=egp(s, t), ep(t, s)eq(t, s) = epaq(t, $).

vVt € T.

1
Huyry:=12€C: |[1T4+zu(t)l <1, z#———¢.
(o) { 1T+ zu(t)] # M(f)}

When u(t) = 0, we define Hy = {z € C : 9(z) < 0} =
C~, the open left-half complex plane. The smallest Hilger circle
(denoted Hmin) is the Hilger circle associated with u(t) = pmax =
sup;r 1(t). A regressive constant matrix A is called Hilger stable
if spec(A) C Hmin (i.e., all eigenvalues of A are in Hp,) (Gard &
Hoffacker, 2003).

Theorem 1 (Potzsche et al., 2003).

Let a regressive constant matrix A € R™". There exists an
invertible matrix Q € C™" such that, the generalized exponential
function of A is given by

ey, (t,s)
ea(t,s)=Q Q1 t,seT",
e],(t,s)
such that, fork=1,2,...,1 <n,
ng—1
1 m){k(t,s) mki (t,s)
1 mgi_z(t,s)

e]k(tﬂs) = elk(tv S) . s
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to ti o (ty) to a(t2) t3  of(ts)

Fig. 1. T = Pis(t).t01) = Yicolo (tk), by ]

where ny + - - - + n; = n. The mappings mﬁk : T x T — C, called
monomials of degree n, are recursively defined by

tomy (T,s)
M) = 15w = [ s
K s 14 pu(T)Ak(7)
For T = R, one gets m}. (t,s) = (t;,s)n, t,s €R.
_ (="

For T = hZ, we have mgk(t,s) = g 0 € T. If
A is uniformly regressive, (i.e. there exists a y > 0 such that
y~l < |14 u(t)r|, Vt e T¥), then the estimate

Imj(t,s)| < y™(t —s)" holds for t > s, n € N (see Potzsche
et al. (2003) for more details).

2.2. Problem statement

This paper is devoted to the study of switched system x4(t) =
Aix(t), where A; € R™" and x(t) € R" is the state vector. The
switching instants are expressed by the sequence {tg, t1, o(t1),
t,0(t2), t3, ..., o(ty), tk, .. .}, without finite accumulation points,
where o (.) is the forward jump operator, with o(tg) = to, o (t) >
ty, Yk € N* (see Fig. 1). The considered system switches between
two modes such that, i € {c, d} ={continuous, discrete}, where A,
is activated at instants o(ty) and Aq is activated at t;. Time scales
theory is introduced to study the stability of this special class of

switched systems on T = Pi(t).0,1) = YpZolo(te), tk+1], such
that
Ax(t), for te UL [o(tk), bl
A _ ¢ k=0 +
X (t)—{ Agx(t), for t e UX {tkt1} )

Note that, the second equation is the discrete-time linear dynamic
which corresponds to state jumps for instance, during a variable
period of time wu(ty) = o(ty) — tk, k € N*. The objective is to
design T = U2 [o(tk), ter1] as a control parameter stabilizing
the switched system (2), in the presence of unstable modes,
according to conditions that will be derived in the next Section.
The eigenvalues of A (resp. Aq) are denoted by Al (resp. A}). It
is known that, if all eigenvalues of A. have a negative real part, so
the continuous-time subsystem is stable. However, the stability
of the discrete-time subsystem with variable discrete step sizes,
depends on the eigenvalues of A; and also on p(t) at each instant
t € Up2,{te+1). Note that Aq is Hilger stable, if all eigenvalues )Jd
of Ay lie strictly within the Hilger circle Hpi,. This means that

11+ u(t)¥] <1, V1<j<n, VkeN-. (3)
Condition (3) implies that the values u(t;) have to satisfy 0 <
. —2%R(N)) .
w(ty) < va, Yk € N*, where y; = minq<j<, — , with
|x]

N(.) denote the real part and |.| is the modulus.

On the other hand, Ay is unstable if it has at least one eigen-
value A, such that %(%},) > 0 or if all the eigenvalues of A; have
a negative real part, but there exists at least one eigenvalue )Jd
such that |1+ Mmin)\{ﬂ > 1.

3. Main results
We shall study the stabilization problem of switched system

(2), via dwell time switching. The cases where unstable modes
exist will be considered. First, we need the following proposition:
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Proposition 1. Let T be an arbitrary time scale with graininess
function w(.), and let a regressive matrix A € R™" with eigenvalues
M, for k =1,...,1 < n be given. Let A be an eigenvalue of A such
that |e,(t, s)| = maxq<x<|es, (t,s)|, Vt,s € T. For every « € R™,
which satisfies ey(t,s) > |ex(t,s)|, Vt,s € T, t > s, there exists
B > 1, such that

llea(t, s)Il = B ea(t,s), Vt=s.

Proof. From Theorem 1, the upper bound of the generalized
exponential matrix e,(t, s) is given by

lleat, ) < NQINIQ I lex(t, s)I x

(1 + maxi << <maX1§n§nk—l Im;, (t, S)|>) :

fort,s € T, t > s. For a small ¢ > 0, with e ® A # 0, let us
define the constant «, satisfying e,(t, s) = |exg(t, S)|, such that

1QIIQ I fex(t, $)(1 + max( max (¢, 5)))

<k<l 1<n<n

= ﬂ |ek@£(t7s)| = :3 ea(t7s)’
for some positive constant 8. Hence

B = 1QINQ"II(T + max( max |mj (¢,5)]))

1<k<l 1<n<np—1

X |lexsee)(t, S)

= lQIIQ ™I (1 + max( max

1<k<l 1<n<np—1

Im? (¢, )1))

X ege(t, ). (4)

_ [t log(1+u(r)s)Ar ) . .
Note that eg.(t,s) = e s w® is always decreasing in

time, since ¢ > 0, and the above term is always bounded. Since
(4) holds, Vt > 5,3 8 > 1 with

B = max([Q]l.IQ "]l

x(1 + max;<k<((MaXi<p<n—1 [M, (€, 5)1)) eae(t, 5)),

such that |lea(t, s)|| < B eq(t,s). MW

Remark 1. If A is diagonalizable, then |le4(t, s)|| < B e(t, s) with
ea(t,s) = lex(t,s)| and B =QlIQ~"|.

3.1. Stabilization via dwell time

Consider the switched system (2) evolving on T = U2 [o(ty),
tr1], such that there always exist the constants ¢, ag € RT, B
> 1and By > 1, satisfying, from Proposition 1, the following
inequalities:

-Forall t,s € U2 lo(t), tep1l, s <,

leac(t, s)Il = €% < Be eq(t,s) = Bee™™ (5)
- For all k € N*,

lleay (o (t), ti)ll = IT + pe(ti)Adll < Ba €qy(o(te), t)

= Ba(1+ plte)aa). ©)

Remark 2. If A. and A, are diagonalizable, so o = maxi<j<p ?R(Ai)
and oy can be computed such that, maxi<j< |1 +/L(t)k{1| =
(14 u(t)ea), Yt € Up2o{ti1}. The constants . = [|Q|.1Q"|
and B8y = ||Qd||.||Qd‘1||. If Ac and Ay are not diagonalizable,
SO o = maxlgsn(ﬁt(kﬂ)) + ¢ and oy can be computed as
maXigjcn |1+ u(O)(x; @ &)l = (1 + pu(taa), Yt € Uoltial,
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for some small ¢ > 0. From Proposition 1, and definition of
monomials of the Jordan matrix, 8. and B4 can be computed as

Be = max(| Q1@ (1 + £ =),

(m—1) 1
) 1+ u0e)

where n and m are the highest geometric multiplicity correspond-
ing to the eigenvalue A, of A, and A4 respectively. Note that, if
ac < 0, then A. is Hilger stable and if 0 > ag € R* (ie,;
0 < 1+ ulty)ag < 1, Yk € N*), then Ay is Hilger stable.

wu(t)
1+ ()

Ba = max([|Qall. Qg " (1 + ’

To determine the dwell time conditions for stability of
switched system (2), we compute its general solution.

Foro(ty) <t < try1 and o(ty) = to = 0, the solution of system
(2) is given by (see Taousser et al. (2014)),

x(t) = ea(t, o(ty)) ea (o (L), ti) ea.(tk, o(tk—1))
x - -ep,(o(ty), t1) ea(t1, to) Xo. 7
= Aelt=0) ([ 4 1y(1,)Ag) eelli—oi-1) (7)
X -+ (I + u(ty)Aq) ehch Xo.

According to (5), (6), an upper bound of (7) is given by

XN < 1eACTED (T + u(ti)Aq)|[|ee ot
e[l 4 pt)AG) e | Hlxoll
< B =0t B,(1 4 p(ty)org) Beectk—otk-1))
- 8
X Bl + pulta)e) Bee®e!t o) ®
< oLt gllog(Be Hac(tiy1 o () +Hlog(Bg(1+n(t)ag))]

x[Xoll-

It is assumed throughout the paper that T is unbounded above
and the graininess function is bounded (i.e.; pumin < u(ty) <
Mmax, Yk € N*). Denote by 1, = tys1 — o(ty), Vk € N, the
duration of each continuous-time subsystem which is assumed
to be bounded (i.e.; Tmin < T < Tmax» VK € N). The aim
of the paper is to design a time scale T = Up2 [o (), trt1l
which stabilizes the switched system (2). Note that, in order for
the solution of the switched system to be well defined, we have
to choose a time scale T which ensures the regressivity of the
matrices A. and Aq. This means that we have to design T with
w(ty) satisfying |1+ w(t)A,| # 0, Yk € N*, V1 < j < n. Note
that A, is always regressive on the intervales [0 (t), tx+1]. In what
follows, A4 is Hilger stable means that pu(t,), Vk € N* of the time
scale T will be designed to satisfy condition (3). Note that, even if
the two subsystems are Hilger stable the switched system (2) may
be unstable. For that, we will derive dwell time conditions which
stabilize the switched system (2) in the following Theorems.

Theorem 2. Let o, a4, Bc and B, be defined as in (5), (6). If one
of the following conditions is satisfied:

(i) Ac and Ay are Hilger stable and T is designed such that,

—1 1-— —1
- Og(ﬁc), Ba <u(ty) < —, VkeN. 9)
o aq Ba ®d
or
_1 -1
R P R
ac ®d

with o <0and 0 > og € R™T.
(ii) A¢ is Hilger stable, A, is unstable, and T is designed such that,

—lo e~ %cTmin 1
T > M, 0 < u(ty) < — —, Yk eN,
e adlgdlgc (o]

(11)

with o < 0 and ag > 0.
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(iii) Ac is unstable, Aq is Hilger stable, and T is designed such that,

1-— -1
ﬂ < u(ty) < —, Vk € N*, (12)
adPBeBa ag
- 1 )
0<1 < 0g(BcBa(1 + Mmlnad))’ Vk € N, (13)

O
witha, >0and 0 > og € R™.

Then the switched system (2) is exponentially stable.

Proof. Let u(ty), Vk € N* satisfy (3) and the regressivity of Ag.
The upper bound of the solution of (2) is given by

lx(t)l < eZLo[lOg(ﬂc)+acTiHOg(ﬂd(Hu(fi)ad))] lIxoll. (14)

(i) Since A is stable, so a, < 0, and from (9), we get
k
> llog(Be) + erctil < kllog(Be) + e Tmin] < 0.
i=0
Also, Aq is Hilger stable, so 0 > oy € RT, which means that
0 < (14 u(ty)ag) < 1, Vk € N*, and from (9), we get
k

> loglBa(1 + p(tideta)] < klog[Ba(1 + pimineta)] < 0.

i=i

From (14), and the above inequalities, an upper bound for
x(t) is given by

Ix(t)] < ekl(og(Be)+ac Tmin)+10g(By(1+1min@d))] %ol (15)

The terms at the exponential function are negative, which
implies that the solution converges exponentially to zero
when k — oo (t — 00).

We can derive another dwell time conditions which are
more restrictive for the continuous-time subsystem and less
restrictive for the discrete-time subsystem. From (14), the
upper bound of the solution can be written as

X < e 2tol(108(Bc BaHarc Ti)+Hog(1-+4(ti)tg)) %ol (16)

From (10), all the terms of the exponential in (16) are
negative, and the solution is exponentially stable.

(ii) Suppose that A, is stable and Ay is unstable (i.e.; u(ty), Vk €
N* does not satisfy condition (3)). From (16), we have

x| < eZLO[acffHOg(ﬂcﬂd(1+M(ti)0td))l Il

such that, . < 0 and a4 > 0. So we get

x| < ekl(ec Tmin)+108(fe fa(1+1maxea))] %ol (17)

From condition (11), we get
e*acfmin

,Vi<i<k

ﬁcﬂd
which implies that all the terms at the exponential in (17)
are negative and the solution converges exponentially to
zero. Note that, in order for the above inequality to be
satisfied, i, must satisfy the condition tp;, > %,
which conclude the proof. ‘

(iii) From (12) we get, 0 < B:Ba(1+ u(ty)ag) < 1, and from (13),
we have a7 + log(B:84(1 + pminead)] < 0, Vk € N, such
that, o > 0. From (16), the upper bound of x(t) is given by

1< (14 u(tog) <

x| < EZLO[aanOg(ﬂcﬂd(1+M(ti)aa))] %ol
= eklecTmax-+Hog(Befa(1+mina))] || xo .

The terms of the exponential are negative, which implies that the
solution of the switched system (2) converges exponentially to
zerowhenk — o0 (t > o0). N
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Remark 3. Note that, conditions (11) and (12) in assumptions
(ii) and (iii) can be relaxed as follows:

(ii) For ¢ < 0 and a4 > 0, and for each 7, > %fdﬂ", we have
e—acTk 1
0 < u(ty) < caPafe ~ w Vk € N, 1
(iii) For ac > 0 and oy < 0, and for each p(t) satisfying a;g;gg

wu(ty) < ;—; Vk € N*, we have
—log(Befa(ltiged)) vy o N*.

0< 1 <
ac
This conditions are less restrictive but require more computa-

tions.

3.2, Stabilization via average dwell time

In this section we will show that there may exist some con-
secutive switching subsystems in (2) which not satisfy the dwell
time conditions determined in Section 3.1, but the switched sys-
tem (2) can be stabilized if certain dwell time conditions are
satisfied in average for each consecutive switched subsystem.
Let us define the stabilizing average dwell time conditions for
continuous and discrete switched systems respectively.

Definition 1 (Hespanha & Morse, 1999; Zhai et al., 2002). We say
that 7, is an average dwell time for the continuous switched
system X(t) = Aix(t) (resp. the discrete switched system x(k +
1) = Aix(k)), if for some positive number Ny (called the chatter
bound) and for all t > t > 0, the number of switching signals
over the time interval [z, t) (resp. on the interval [k’, k)), denoted
by N,(t,t) (resp. N, (K, k)), satisfies

Na(T, t) f NO + %-
(resp. N, (K', k) < Ng + % kK eN, kK <k).

Which means that in average, the dwell time between any two
consecutive switching is no smaller than z.

Note that, the above average dwell time conditions cannot be
used for stability of the class of switched systems (2). Next, we
will derive a new average dwell time conditions for the switched
systems (2), in the presence of unstable modes. In the following,
we consider a¢, a4, 8. and B4 defined as in (5) and (6), and let 8 =
max{f¢, B4} > 1. Let N(0, t) be the number of switching over the
interval [0, t], ¥t € U2 [o(ty), tr1]. Denote the total duration
time of the continuous-time subsystem (resp. the discrete-time
subsystem) from top = 0 to t, Vt € U2 [o(t), tk1], by T(0, t)
(resp. T4(0, t)).

Theorem 3. If the following assumptions are fulfilled:

(i) Ac and Ay are Hilger stable such that

-1
0 < u(ty) < — with ag <0, VkeN*. (18)
Qq
(ii) For a given A > 0, an arbitrary Ny > 0 and Vt € U2 [o(t),
tie1],
log(B)

with 77 = ==, (19)

t
N(0,t) < No + —,
2
Then, the switched system (2) is exponentially stable if the average
dwell time between any two consecutive switching is greater than
t, such that (18) is satisfied.

Proof. Let u(ty), Vk € N* satisfy (3) and the regressivity of Ag.
From the upper bound of the solution of system (2), for o(t;) <
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t < tyr1, Yk € N, expressed in (8), we get

k
Ix(E)l < et Tico @) [T (14 ulti)eta) lIxoll

k '
< PR n) (14 pminata)* [IXo (20)
=8 eN(O,t)log(ﬁ)Jrotc(f*Zf-{:o w(ti))+klog(1+muminotd)
X [|Xo]l-
k
. t
We have k > M. Hence, one gets
Mmax
IX(H) < B lixoll
o NODIOBB +aclt= Tk g meH X g (P8 minea)) @D
FiXxing pmin and pmax satisfying (18). Let A’ = max{o,
log“““llminad)} < 0 so we get
Mmax ’
Ix(0)] < B eNODEDE g . (22)

System (2) is exponentially stable with a desired rate of decrease
A*, such that )J, < M <0, if
eNODlogBY+X't - < er+4"t for an arbitrary constant y > O,
which implies that N(O, t)log(8) < y + (—A" 4+ A*)t. So we get,
N(O, t) < No(t, 0) + —, with
-E*

a

log(B)

> 0 and ¥ = , where [.]
A*

a ’

Y
No(t, 0) = [;— ] —
denotes the integer part. Which concludes the proof for A =

(=AM +A%). =

Remark 4. If 8 = 1, the term in the exponential in (22) is
always negative, and system (2) is exponentially stable under an
arbitrary switching such that (18) is satisfied.

Theorem 4. If the following assumptions are fulfilled:

(i) A is stable and A4 is unstable.
(ii) Let the switching law stability
log(1+/maxd) *
T.(0, t — ==l A
C( ) > M min , (23)
T4(0, t) o — A*
for given constants A, A* such that a. < A* <A < 0.
(iii) For an arbitrarily Ng > 0 and Vt € U2 [o(tk), tis1],
t log(B)
N(0,t) < Nog + —, witht = ,
0.0 = No+ 7 T Ao

a

(24)

Then, the switched system (2) is exponentially stable with rate of
decrease M\ for any average dwell time, between two consecutive
switching greater than ;.

Proof. Since A; is supposed to be unstable, so oy > 0. From
(20), and according to (i), we have for a fixed pmax and pmin, the
following upper bound for the solution

IX(E)]| < BeNt-OlogB)tac(t—3o it +klog(1+kmaxea)

(25)
X [|Xoll,

k .
with a; < 0. We have k < M
Mmin

IX(OI < B lIxoll

NE0) log(B)+ac(t—Y K o nlt)+3K o (i)

SO

log(1+/max )
Hmin

X

log(14+/tmaxag)
_ g MO R BracTe @0+ Ty0.) HEETRER
Let A* with o, < A* < 0, such that condition (23) is satisfied,
which is equivalent to
log(1 + o
T (0, £) + Ty(0, ) 08T Hmax@d) _
Mmin
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So an upper bound of x(t) is given by
IX(O)ll < B eNOOEIE x| (26)

Let X be the desired rate of decay of the switched system (2)
such that A* < A < 0, so eNO-D0sA+2"t < er+2t for an arbitrary
constant y > 0, which is equivalent to N(0, t) < No + T% with

No = [lzmland o7 = 745, m
Remark 5. If § = 1 and condition (23) is satisfied, so the

switched system (2) is exponentially stable.

Theorem 5. If the following assumptions are fulfilled:

(i) Ac is unstable and Ay is Hilger stable, such that

-1
0 < u(ty) < —, withag <0, VkeN*, o> 0. (27)

Qg

(ii) Suppose that for a fixed pmin and wumax satisfying (27), and for
a given negative constants A, A*, such that

log(1 + pminoa)
—_— <

A <A <O, (28)
Mmax
the switching law is determined as
T4(0, t —AF
a(0, 1) > Qe _ 7 09)
TC(O, t) __ log(1+1mineq) + A*

Mmax
(iii) For an arbitrary Ny > 0, and ¥t € U2 [o (), tial,
. log(B)
T, = s
A — ¥

Then the switched system (2) is exponentially stable with rate of de-
crease A and for an average dwell time between any two consecutive
switching greater than ;.

t
N(O,t) < No+ —. with (30)
T

a

Proof. Similarly to the above analysis, and according to (i) we
have, for o(ty) <t <tys1, k€N

log(1+1mind)
Ix(t)] < p VOB FacTeOOF OO 0ma i (31)

for a fixed wmin and umax satisfying (27) and o, > 0. Let

logltimin®d) _ 3+ — 0, Condition (29) is equivalent to

Hmax
log(1 + pmin@a)
Mmax

L) 1 *
X0 < p VOB )

acT(0, t) + Ty(0, t) < A*t, so

Let A be the rate of decrease of the trajectories of system (2), such
that, A* < A < 0,s0 N(O,t)log(8) + A"t < y + At, for an

t
arbitrary constant y > 0. Which implies that N(0, t) < No + -
T

log(B)
A—1F

a

for Ng = [%] and 7} = and conclude the proof. ®

log|

Remark 6. If 8 = 1 and conditions (27), (29) are satisfied, so the
switched system (2) is exponentially stable.

4. Numerical results

Consider the switched system (2) with A, = ( 2_1 _0 ; )

which is unstable, such that A! = 0, A2 = 1.5 = «, with
“13 -
, such that Aj = —3.1559 = ayg,

Be=3letAg=( 14 2

2 2
kﬁ = —0.5941 and B4 = 1.4639. The matrix A4 is regressive
and stable if 0 < wu(t) < 0.6337 and © # 0.3169. From
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assumption (iii) of Theorem 2, the dwell time of the discrete-
time subsystem is 0.2447 < u < 0.3169. Take for example,
wu(t) = 0.3, the switched system is stable if the dwell time of each
continuous-time subsystem t;, < 0.9689, Vk € N. For 7, = 0.9,
the switched system is stable as shown in Fig. 2. For 7, = 2,
the continuous-time condition of stability is not satisfied and the
switched system diverges Fig. 3. For u(t) = 0.1, u(t) = 0.5 and
7w = 0.9, Ay is still stable, but the corresponding dwell time
condition of stability is not satisfied and the switched system
diverges Figs. 4, 5. For the average dwell time, let yumi, = 0.2,
Mmax = 0.5, A = —0.9 and A = —0.3046, so 77 = 1.8452
and % > 2.1920. If we activate the switched system on T =

Up2,[0.9k + ] s 0.9(k + 1)], the average dwell time
conditions are satisfied and the system is stable Fig. 6.

5. Application to consensus problem under intermittent infor-
mation transmission

To illustrate the viability of the proposed scheme, we in-
vestigate the consensus problem for linear multi-agent systems
(MASs) with intermittent information transmissions. We will
show that this problem can be converted to a switched system
between a continuous-time subsystem (when the communication
occur) and a discrete-time subsystem (when the communication
fails). Consider MAS consisting of N agents whose model is
described by the following linear dynamics,

X = Ax; + Bu;, Xo = Axg ie{l,...,N} (32)

where xq € R" is the state of the leader, x; € R" is the state of
agent i and u; € R™ is the control input of agent i. A € R™" and
B € R™™ are constant real matrices. The communication network
among the N agents is described by a graph G which consists of a
node set vV = {1, 2, ..., N} and an edge set £ C V x V. Each edge
(i,j) € € in the directed graph (Ren & Beard, 2005), corresponds
to the information link between agent i and agent j. The graph G
is represented by the adjacency matrix G = (a;) € RN*N defined
by a; = 1if (j, i) € £ and a;; = 0, otherwise. The Laplacian matrix
of G is defined as H = (m;) € RNV with m; = ") a; and
my = —aj for i # j. Hereafter, suppose that each communication
failure has a bounded duration (denoted by pmax € RT), the pair
(A, B) is stabilizable, and the graph G is fixed and directed. Let z;
be the local information available for agent i, such that

zi = Z(Xj — X)) + di(xo — xi), (33)
JEN;

where A is the set of neighbors of agent i such that a; = 1 with

d; = 1, if the leader state is available to follower i and with d; = 0

otherwise.

It is assumed that local information is exchanged between
neighboring agents through a communication channel over some
disconnected time intervals because of possible sensor failures or
communication obstacles, such that the agents can communicate
with their neighbors over the time intervals U2 j[o(t), te1[. At
tk+1, the communication fails during a period w(tyr1) = o (tg+1)—
ter1. Based on the available local information, the following dis-
tributed intermittent controller is proposed, Vi € {1,...,N},

u(t) — I<Zi(t)7 lft € U;“;O[U(tk), tk+1[
! Kzi(tip1), ift € URo[teqt, o(tig1)l,
such that, over the time intervals [ty.1, o(ty+1)[ the feedback

control does not evolve due to the absence of local information.
The state error between the leader and the agent i is determined

(34)
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Fig. 2. Stable trajectories for © = 0.3, 7, = 0.9.
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Fig. 3. Unstable trajectories for © = 0.3, 7y = 2.
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Fig. 4. Unstable trajectories for © = 0.1, t. = 0.9.
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Fig. 5. Unstable trajectories for © = 0.5, t. = 0.9.
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Fig. 6. Unstable trajectories for u = 0.5, 7. =

by e; = x;—xo. Let u = (ul, ..., ul)T. The dynamic of the tracking
error e = (e, ..., e})" can be written in the compact form as

e(t) = (In ® AJe(t) + (Iv ® B)u(t),

u(t):{ —(H@Kge(t), il t € UZg[o(t), sl (35)
—(H ® K)e(ty1), if t € Up2pltkrr, o(tig)l
The closed-loop system (35) becomes
[(In ® A) — (H ® BK)]e(t),
P t € U lo(te), tiral, (36)

(Iv ® A)e(t) — (H ® BK)e(tyr1),
t € Uolter1, o(teg1)l.

Using the definition of the A-derivative and considering the spe-
cific time scale T = U2 )[o(y), trs1], the closed-loop system (36)
can be converted to the switched system, as in (2) (see Taousser
et al. (2015b, 2016) for more details):

[(In ® A) — (H ® BK)]Je(t),
) e f(t')E Ueolo(te), tiyal
_ N@A(t) _
&) = (67' U — (H @A BON(), V)
u(t)
t € UZolti1}
The objective is to design the time scale T, such that the state
error e; between the leader and agent i satisfy lim;_, o ||e;(t)|| = O,
Vi € {1,...,N} (i.e., the system (32) still stable, even when we
lose the communication between agents for some period of time).
That the leader-follower consensus problem is equivalent to the

L
10

.
12
Time (1)

22

O,

Fig. 7. Communication topology.

stabilization problem of the switched system (37) by designing
the time scale T U2 olo(tk), tks1], according to the dwell
time conditions derived in Sections 3.1 and 3.2. This, will enable
us to achieve exponential consensus under intermittent infor-
mation transmissions while avoiding the derivation of complex
Lyapunov-Krasovskii and Razumikhin functions.

Remark 7. Notice that, if A is not invertible, we can always
determine the discrete matrix via the convergence power series

. (IN@AT(t) _
E(Au() = Lo2, W9 and A, = <e - M?t) I) [£(A(D))
(H ® BK)].

To illustrate the procedure, let us consider the MAS which con-
sists of one leader and 2 followers satisfying the communication

LT

topology shown in Fig. 7. Let A = ( 01 005
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Fig. 10. o4 and By for 1 < pu <2.5.
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Fig. 11. Stable trajectories, with xo = [—1, 0.5,
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6. Conclusion

A special class of switched systems between a continuous-

-0.5 |
aL
-1.5 ; ; ; ;
(o) 20 40 60 80 100
Time (t)
Fig. 12. Unstable trajectories, with xo = [—1, 0.5, —1, 1]".
. . 1 0 .
and the weighted matrix H = ( _; , ). The control gain
issetas K = (1 05 ), with A, = [(, ® A) — (H ® BK)],
which is stable, such that A2 = —0.475 £ j1.294,23% =

—0.225j0.9216 (we have a, = —0.225, B, = 3.4397), and Aq

el®A)u(t) _ |

(T) [I,—(H®A~'BK)]. The matrix Aq is Hilger stable,
if |14 u(t))Jdl < 1,V1 <j < 4. As shown in Fig. 8 and its zoom
Fig. 9, the discrete-time subsystem is stable if 0 < u(t) < 0.92.
Let us choose 1 < u(t) < 2.5, which leads to the instability of A,.
As in Proposition 1, ag can be chosen such that, (1 4+ u(t)xq) >
max; |1+ u(t)A}|, which is plotted in Fig. 10. Let o = 2.044, so

lleag (o (bl jl1g—p(t)Agll
B4 can ble ct;osen, such that g4 > e o). = (e - From
Fig. 10, let B4

1.161. The dwell time conditions for stability
are
e*lYCTmin 1

—1
o 18P _gsa1 1< p < - L a5,
o odBaPBe A

Consider the time scale T = U;‘;O[12.64+ Mfﬁ 12.64(k + 1)],
which satisfies the stability conditions, as shown in Fig. 11, the
switched system is stable. If we change the time scale T =
U,‘:‘;O[5.5 + 1% 55(k + 1)] by decreasing 7, such that the
condition of dwell time is not satisfied, the system becomes

2k+1.33°
unstable (see Fig. 12).

Tk

10

time and a discrete-time subsystems with variable discrete steps
has been considered. By introducing time scales theory, dwell
time conditions are derived to stabilize the switched system in
the presence of unstable modes. The conditions provide a new
method to exploit the stabilization of this particular class of
switched systems. The traditional dwell time conditions for sta-
bility of switched systems do not apply for the considered class,
so that, time scales theory provides to be the right mathematical
tool to solve such problem.
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