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A B S T R A C T   

This paper presents an extended adaptive approach designed to accurately estimate the Thévenin equivalent 
parameters using phasor measurements at a given bus for measurements lying in any of four quadrants of the PQ- 
plane. The improvement is achieved by using a new condition to properly update the estimated parameters after 
an initial guess. Based on an adaptive philosophy, the proposed approach can correctly account for the intrinsic 
nonlinearities of a power system, can provide a real-time estimation of Thévenin parameters, and does not 
require network topology knowledge. The method is validated using the Kundur 2-area system, showing esti
mation improvements compared to the current adaptive approach and the classical recursive least-squares 
method. The proposed approach is able to estimate both sides of the system with respect to the measurement 
bus. In addition, a data-driven voltage stability index is developed. To illustrate the performance of the proposed 
approach in a larger power system, a voltage stability assessment is carried out on the IEEE 39-bus system, 
considering the action of overexcitation limiters of generators and nonlinear loads. The proposed approach is 
suitable for applications that require an accurate Thévenin equivalent estimation in real-time, such as for voltage 
stability assessment. The new approach provides a reliable tool for the system operators to make proper and 
timely decisions.   

1. Introduction 

The fast pace of new renewable energy resources (RER) installation 
(18 months), compared to new transmission lines construction (6 years), 
compounded by escalating electricity demand [1] and likely growth of 
power supply disruptions due to extreme events [2], may lead the 
existing transmission infrastructure to operate closer to its voltage sta
bility limits [3,4]. This condition threatens secure system operation 
[5,6], and as a result, the development of online strategies to monitor 
the onset of voltage instability is kept at a high priority status on the 
power system research agenda [7]. 

A way to address real-time voltage stability assessment (VSA) is to 
take advantage of the phasor measurement unit (PMU) infrastructure 
that has been expanding throughout power systems around the globe, a 
fact that has inspired many applications toward the monitoring, pro
tection, and controls in interconnected power grids [8,9]. An important 
benefit of using PMUs measurements for real-time analysis is its fast- 
sampling rate of 30 to 60 measurements per second, when compared 

with other large-scale digital measurements, such as from SCADA sys
tems, where each update takes 2 to 5 s [10]. 

Specifically concerning VSA, reference [5] provides a survey con
taining strategies intended to detect the voltage instability onset, either 
for local or wide-area monitoring and considering the use of synchro
nized measurements. Among the given possibilities is the use of 
Thévenin equivalent-based models, adopted throughout this work to 
tackle the issue of assessing voltage stability in power systems. 

The employment of Thévenin equivalent-based models targets to 
represent the behavior of an external system, seen from a given electric 
node (bus), by a voltage source in series with an impedance, known as 
Thévenin voltage (ETh) and Thévenin impedance (ZTh), respectively 
[11,12]. Fig. 1 shows a Thévenin equivalent circuit connected to a load 
bus. The use of this simple model enables a variety of applications in 
power systems, including but not limited to short-circuit current 
computation, fault location, electromagnetic transient studies, as well as 
VSA [12], the focus of this work. 

The main idea of the approach is to accurately compute the equiv
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alent parameters (ETh and ZTh) from the buses of interest, keep the pa
rameters updated as fast as possible to track topological changes, and 
monitor the maximum power transfer (MPT) constrained by the voltage 
stability limit of the system [4,13]. 

From the literature, it is possible to define classes of methods for VSA 
[14]: those based on measurements and network topology (the model- 
based methods [14,15]), and methods solely based on measurements 
(the measurement-based methods [16]- [17]), where the topology in
formation is not required, which is the approach adopted in this paper. 

The PMU-based VSA approach in [16], from this point, also referred 
to as the adaptive approach, has many advantages: representation of the 
effects of nonlinearities due to control actions [18,19]; the absence of a 
requirement of phase drift corrections due to slip between system fre
quency and PMU sampling frequency [11], as required in [20]; the 
absence of a requirement of network topology knowledge, as required in 
[15] and [14]; providing similar accurate estimation as if all models are 
known [21]; and finally, its characteristic of real-time estimation, 
requiring a time window of just two measurements to update its pa
rameters [16]. 

However, evaluating the formulations and assumptions made by the 
authors in [16], confirmed by simulations results described in Section 4, 
one can show that this approach is not able to properly estimate the 
Thévenin parameters when the PMU measurements correspond to loads 
with a leading power factor, or if the load change between two 
consecutive measurements happens with varying power factor. 

These drawbacks may limit the employment of this approach in some 
applications, for example, where the load is not directly connected to the 
evaluated bus (e.g., for a transit bus), or when the evaluated bus is 
subjected to the actions of distributed energy resources, which can 
render the active and reactive powers having a bidirectional behavior 
for some periods of time. As a result, despite all the favorable features, 
the adaptive approach may provide inaccurate estimations in such 
contexts either for the Thévenin parameters or the voltage stability 
limits. 

Looking to fill the gaps left by the adaptive approach, but still taking 
advantage of its features, this work proposes an extension of [16,18], 
enabling the new approach to provide proper estimations for loading 

conditions in any of the four quadrants of the PQ-plane (Fig. 2), without 
the requirement of constant power factor load variation between two 
consecutive samples. As a result, the proposed extended adaptive 
approach makes possible the estimation in both directions of active 
power flow with respect to a boundary bus, as illustrated in Fig. 3, which 
is an improvement compared to the recursive least-squares filter [11]. 

The contributions of this paper include:  

1) Improvement of the Thévenin parameters updating criteria 
employed by the current adaptive approach [16] to provide proper 
estimations of the Thévenin equivalent in real-time, considering 
measurements lying in any of the four quadrants of the PQ-plane, 
Fig. 2, which is a condition not addressed in [16]. These actions 
add robustness to the extended version of the approach.  

2) Development of an algorithm to consistently correct the estimated 
Thévenin parameters at any power system bus (a load, a transit bus, 
etc.), using two consecutive PMU measurements.  

3) The derivation of a data-driven voltage stability index based only on 
local measurements of active power and current magnitude, aiming 
to improve situational awareness with respect to voltage stability. 

2. Proposed approach 

This section describes the theoretical basis for the proposed 
approach. 

The Thévenin equivalent seen from a load bus is shown in Fig. 1, 
where ETh = ETh∠β is the Thévenin voltage phasor, ZTh = RTh +jXTh the 
Thévenin impedance, IL = IL∠0 the load current phasor, VL = VL∠θ the 
load voltage phasor, ZL = ZL∠θ the load impedance, θ the angle between 
the load voltage and the load current, and β the angle between the 
Thévenin voltage and the load current. Applying Kirchhoff’s voltage law 
to the circuit in Fig. 1, the Thévenin voltage can be described as 

ETh = ZThIL +VL (1) 

From the perspective of high-voltage transmission-level buses, 
XTh >> RTh. Hence, the assumption of RTh ≈ 0 becomes feasible making 
it possible to set ZTh = jXTh. Then, separating (1) into its real and 
imaginary components results in 

Fig. 1. Thévenin equivalent from a load bus.  

(P < 0) (P > 0)

(Q > 0)

Q

P

(Q < 0)

Fig. 2. Four quadrants corresponding to active and reactive power signs.  

Fig. 3. Measurement bus separating two systems.  
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(
EThcosβ = VLcosθ

EThsinβ = XThIL + VLsinθ

)

(2) 

In (2) IL, VL, and θ are known from measurements, whereas ETh, XTh,

and β are unknown. 

2.1. The adaptive approach 

To solve the underdetermined system (2) the authors in [16] set ETh 
as a free variable, which means that an initial guess is specified for ETh, 
and then the other unknowns (XTh and β) are computed using (3) and 
(4), derived from (2), as 

β = arccos
(

VLcosθ
ETh

)

(3)  

XTh =
EThsinβ − VLsinθ

IL
(4) 

If the actual value is chosen for ETh, then XTh and β will achieve their 
correct values as well. 

The criterion to choose the initial guess for ETh is to set it equal to the 
average value (Eavg

Th ) between the minimum (Emin
Th ) and maximum (Emax

Th )

possible values for the Thévenin voltage from the base case condition. 

Emin
Th = V0

L, Emax
Th =

V0
Lcosθ0

cosβmax (5) 

where βmax is the value of β when MPT takes place, i.e., when XTh =

ZL, which is given by βmax = arctan
(

Z0
L I0L+V0

L sinθ0

V0
L cosθ0

)
. The superscript “0′′ re

fers to the quantities from the initial guess. 
To bring ETh from its initial guess towards the actual value, in

crements or decrements are performed depending on whether the ETh 
guess is under- or over-estimated, respectively, for every new available 
PMU measurement that forms a new pair of measurements. To drive this 
decision in each step, a theorem developed by the authors in [16], based 
on the variation of the absolute value of the load impedance ΔZL, and 
the difference ΔXTh between two consecutive estimated values for the 
Thévenin reactance using (4) is employed. The following actions are 
carried out by the adaptive approach:  

1) If ΔXi
Th⋅ΔZi

L > 0, then Ei− 1
Th is overestimated  

• Action: Decrease Ei
Th, i.e., Ei

Th = Ei− 1
Th − ΔEi

Th;  
2) If ΔXi

Th⋅ΔZi
L < 0, then Ei− 1

Th is underestimated  
• Action: Increase Ei

Th, i.e., Ei
Th = Ei− 1

Th + ΔEi
Th  

3) If ΔXi
Th = 0 or ΔZi

L = 0  
• Action: Ei

Th = Ei− 1
Th 

where “i” refers to the new measurement, “i − 1” refers to the pre
vious one, ΔZi

L = Zi
L − Zi− 1

L , and ΔXi
Th = Xi

Th − Xi− 1
Th are the load and 

estimated Thévenin reactance variations, respectively. The increment 
ΔEi

Th =
⃒
⃒Ei− 1

Th ⋅ka
⃒
⃒ is applied once the updating direction is known 

(increment or decrement). According to [16], the recommended value 
for ka ranges from 0.0001 to 0.001. In short, the theorem increases Ei

Th 
when ΔZL and ΔXTh have the same signs, and decreases Ei

Th when ΔZL 

and ΔXTh have opposite signs. If ΔXi
Th = 0 the convergence is achieved, 

and ΔZi
L = 0 means that the load impedance did not vary for the given 

interval. 

2.2. Limitations of the current model 

The issue of applying the adaptive approach to any bus of a power 
grid to assess the voltage stability, lies in the fact of its limitation to make 
accurate estimations only for Quadrant 1 in Fig. 2, i.e., for positive active 
and reactive power. Following, those issues are described:  

1) Estimations for Quadrant 2 – Negative “P” 

If the power measured at a bus belongs to Quadrant 2, e.g., due to the 
presence of RERs, the negative active power may yield Emax

Th with a 
negative value, according to (5). Thus, when Eavg

Th is computed as the 
initial guess for ETh it may be out of the feasible range, and therefore, the 
adaptive approach may not converge.  

2) Estimations on Quadrants 3 and 4 – Negative “Q” 

If the measurements are in Quadrants 3 or 4, the issue is the reactive 
power being negative, i.e., with a capacitive characteristic. For those 
loading power factor conditions, β can be either positive or negative. 
Fig. 4 contains two phasor diagrams that illustrate each of these 
conditions. 

From Fig. 4(b), one can verify that if IL is small, ETh may lag the 
reference phasor IL, resulting β having a negative value. In (3), a cosine 
function is employed to obtain β, implying β > 0. As a result, this 
formulation only provides the absolute value. An incorrect value of β 
would lead to erroneous XTh and ETh, leading to incorrect adjustments in 
the adaptive approach.  

3) Load Power Factor Variation 

As described in Section 2.1, the adaptive approach relies on a theo
rem that compares ΔZL and ΔXTh to define corrections on the estimated 
Thévenin parameters. Nonetheless, this theorem is only reliable when 
the load power factor is kept constant for the two considered measure
ments. To further describe this situation, consider the two-bus system in 
Fig. 1, when the actual parameters are ETh = 1.0 pu and XTh = 0.10 pu. 
Two cases are considered. 

To clarify the updating direction error happens due to power factor 

LV

ThE

Th LjX ILI

LV

ThE

Th LjX I

LI

Fig. 4. Phasor diagram for capacitive loads: (a) positive β and (b) negativeβ.  
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variation and not because of a possible large disturbance, in Case 1, the 
load impedance variation ΔZL is 50 % between the two consecutive 
measurements, and the power factor is kept constant. In Case 2, ZL varies 
by 10.3 %, with RL varying by 10 %, and XL by 50 % between the two 
loading conditions; hence, the power factor is not kept constant. The 
theorem in [16] is tested for both cases with the initial guess of the 
Thévenin voltage either overestimated (E0

Th = 1.0001 pu) or under
estimated (E0

Th = 0.9999 pu), as shown in Table 1. 
For Case 1, one can verify that the theorem described in Section 2.1 

works properly, since ΔXTh and ΔZL have the same signs when E0
Th is 

overestimated, and opposite signs when it is underestimated. Several 
other similar cases have been tested considering different step changes 
on ZL but keeping the same power factor. For all those tests the adaptive 
approach theorem works correctly. 

However, in Case 2, the theorem fails to provide the proper updating 
directions, since for the overestimated scenario ΔXTh and ΔZL have 
opposite signs, and for the underestimated scenario they have the same 
signs, i.e., the theorem indicates to increase ETh when it should be 
decreased and vice-versa. It is timely to mention that the above theorem 
may work for some cases of not constant power factor, but it is not the 
rule. A succession of wrong updates may happen, leading the Thévenin 
parameters estimation to diverge from the actual values and providing 
an inaccurate evaluation of Thévenin-based power margin indexes. 
Appendix A shows the comparison between the result from the simpli

fied formulation employed in [16] to prove the theorem, and the result 
from the equation without simplification. 

Thus, relying on the comparison of ΔXTh and ΔZL to adaptively up
date the estimated Thévenin parameters towards the actual quantities 
have shown to be ineffective when ΔZL comes from two loading con
ditions with different power factors. 

2.3. Sufficient condition for Thévenin parameters corrections 

As illustrated in Table 1, the update conditions in [16] are not suf
ficiently comprehensive to account for non-constant power factor cases, 
and the derivations described in Appendix A.2 show why those condi
tions may fail. 

Instead of just relying on whether ETh is over- or under-estimated, 
one can use the fact that when ΔXTh = 0, the convergence is achieved, 
i.e., all estimated Thévenin parameters are equal to the actual values. 
Thus, regardless of whether ΔXTh is a positive or a negative value, the 
key information is when its absolute value is closer to zero. 

From that aspect, the proposed approach aims to minimize the ab
solute value of ΔXTh, namely |ΔXTh|, from consecutive updates of the 
estimated ETh for every new available set of measurements, i.e., ETh 
should be decreased or increased in such a way the value computed for 
|ΔXTh| becomes smaller than in the previous step, which will reflect the 
convergence of ETh and XTh to their actual values. 

Table 1 
Performance Comparison of the approach in different conditions.  

Case ZL1(pu) ZL2(pu) ETh0(pu) XTh1(pu) XTh2(pu) ΔXTh(pu) ΔZL(pu)

1 0.90 + j0.18 0.45 + j0.09  1.0001  0.10032  0.10013 − 1.92E-04  − 0.45891  
0.9999  0.09968  0.09987 1.92E-04  − 0.45891 

2 0.90 + j0.18 0.81 + j0.09  1.0001  0.10032  0.10036 4.69E-5  − 0.10284  
0.9999  0.09968  0.09964 − 4.72E-05  − 0.10284  

Table 2 
Computing ΔXTh for over and underestimated..ETh  

Case #2 ETh0(pu) ΔETh(pu) ETh1(pu) XTh1(pu) XTh2(pu) |ΔXTh|(pu)

Overestimated ETh 1.0001 0.00005 1.00005 (decrement)  0.1001586  0.1001821 2.35E-05 
1.00015 (increment)  0.1004756  0.1005457 7.02E-05 

Underestimated ETh 0.9999 0.00005 0.99985 (decrement)  0.0995237  0.0994528 7.09E-05 
0.99995 (increment)  0.0998413  0.0998178 2.36E-05  

Fig. 5. Capacitive PV curve showing the negative and positive regions for β.  
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Compared to Table 1 using the method in [16], Table 2 shows the 
results obtained by the extended adaptive method. Here |ΔXTh| is 
computed for the over and underestimated values of ETh for Case #2. 
Considering an update size of ΔETh = 0.00005 pu, one can verify that in 
both cases |ΔXTh| decreases when the correct updating direction is per
formed, i.e., when a decrement is chosen for the overestimated occur
rence, and when an increment for the underestimated one. ETh1 is the 
updated value from the initial guess value ETh0, i.e., ETh1 = ETh0 ± ΔETh. 

In this way, it is possible to state that the minimization of |ΔXTh| can 
bridge the gap in the condition to compare ΔXTh and ΔZL from the 
adaptive approach, being the sufficient condition to properly update the 
Thévenin parameters, regardless of power factor variation, disturbance 
magnitude, and PQ-plane quadrants. 

2.4. Negative β detection approach 

Negative values of β are possible when the equivalent load has a 
capacitive effect, namely in Quadrants 3 and 4 of Fig. 2. However, a 
capacitive load characteristic does not mean that β is always negative, a 
condition that usually is related to low values of XTh and/or light loading 
conditions on the network, as shown by the phasor diagram in Fig. 4(b), 
making ETh lagging IL. 

In Section 2.2.2 it is shown that the formulation (3), to compute β, is 
unable to provide negative values when the actual β is negative, since 
arccosine is an even function. To address this issue, consider the 
perspective of the Thévenin equivalent voltage source ETh in Fig. 1. If ETh 

lags IL, then the total impedance Ztotal seen by ETh is capacitive. The total 
system impedance Ztotal is given by 

Ztotal = (RL + jXL)+ jXTh = Rtotal + jXtotal (6) 

As XL is negative for capacitive loads, in order for Ztotal to become 
capacitive, |XL| needs to be greater than XTh, since the equivalent 
transmission system XTh is inductive. For inductive load cases, both XL 

and XTh are positive values, and thus Ztotal always has an inductive 
characteristic, meaning that β is always positive as well. 

To visualize conditions when β is negative, consider the PV-plot in 
Fig. 5, consisting of three loading conditions: a resistive load (tanθ = 0), 
an inductive load (tanθ = 0.2), and a capacitive load (tanθ = − 0.2). 

For the capacitive load curve (solid line), one can verify that the load 
voltage VL increases as the load active power PL increases, peaking at 
point A. From the initial loading condition (PL = 0) to the loading 
condition A (PL ≈ 0.38 pu), the load power is sufficiently low to keep its 
impedance high enough to make |XL|〉XTh, Fig. 4(a), where ETh lags IL. 
During this interval Ztotal is capacitive, thus making β negative, which is 
pointed out over the solid curve in Fig. 5. As a capacitive load creates a 
negative voltage drop along the circuit, the voltage increases as PL 
increases. 

At point A, the voltage peak on the solid curve reflects that |XL| =

XTh, meaning the reactive power consumed by the transmission network 
is equal to the reactive power provided by the capacitive load, and ETh 

and IL are in phase for this condition. After this point, |XL|〈XTh, which 
happens in a heavy loading scenario, and the voltage starts to drop 
because now Ztotal becomes inductive, meaning that the voltage drop is 
positive with positive β, Fig. 4(b), where ETh leads IL. 

Thus, one can verify that the sign of β is directly related to the values 
of |XL|, XTh, and Xtotal. From the 2-bus system in Fig. 1, for the condition 
where RTh = 0, the magnitude of the load voltage VL is 

VL =
EThZL

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

R2
L + (XL + XTh)

2
√ =

EThZL
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

R2
L + X2

total

√ (7) 

Solving (7) for Xtotal yields two solutions with equal magnitude 

|Xtotal| = |XL + XTh| =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
E2

ThZ2
L

V2
L

− R2
L

√

(8) 

Thus, the following steps can be used to identify the sign of β, for 
every new two consecutive measurements i and i − 1:  

1) Compute ΔXtotal =
⃒
⃒Xi

total
⃒
⃒2 −

⃒
⃒Xi− 1

total
⃒
⃒2 using (8).  

2) Compute ΔXL =
⃒
⃒Xi

L
⃒
⃒ −

⃒
⃒Xi− 1

L
⃒
⃒.  

3) If Xi− 1
L ≥ 0, then β is positive.  

4) Else,  
5) If Xi− 1

L < 0, and |ΔXL|〈εβ, skip to the next measurement.  
6) Otherwise,  
7) If Xi− 1

L < 0, check the following conditions:  
8) If ΔXL⋅ΔXtotal > 0, then β is negative.  
9) Else if, ΔXL⋅ΔXtotal < 0, then β is positive. 

where εβ is the minimum variation between the two consecutive 
measurements required for the load reactance to check the sign of β, in 
order to decrease noise influence. 

By monitoring this behaviour, it is possible to identify the sign of β 
for every new pair of measurements. 

For expression (8) to properly identify the sign of β, the chosen value 
for ETh should be contained in a feasible range, i.e., between Emin

Th and 
Emax

Th (5). However, when the load is capacitive and β < 0, the maximum 
voltage is not the same as it is when the load is capacitive with β > 0, or 
when the load is inductive. In addition, for capacitive load ETh may be 
smaller than VL. As a result, the following proposition need to be 
checked: 

Emax
Th =

{
VL, if β ≤ 0
VL

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2sinθ + 2

√
, if β > 0 ,Emin

Th =

{
VL, if θ ≥ 0
VLcosθ, if θ < 0 (9)  

2.5. Proper computation of the equivalent active and reactive power 

If a bus with PMU measurements has multiple branches (trans
mission lines, transformers, loads) connected to it, as shown in Fig. 6, a 
special approach must be employed to correctly calculate the equivalent 
active and reactive power. The proposed idea is to combine the complex 
power flows from branches that have active power entering the bus or to 
combine the complex power flows from branches which active powers 
are leaving the bus: 

SL =
∑m

i=1
(Pi + jQi) =

∑m+n

i=m+1
(Pi + jQi) (10) 

where m is the number of branches with active power flow entering 
the measurement bus, and n is the number of branches with active power 
flow exiting the measured bus. The following expressions make the bus 
in Fig. 6 to be equivalent to the bus in Fig. 3: 

VL = V, IL =

(
SL

VL

)*

(11) 

The obtained VL and IL are used to estimate Thévenin parameters. 

Fig. 6. Power flows entering and exiting a measurement bus.  
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2.6. Algorithm of the proposed extended adaptive approach 

The formulations described in Sections 2.2 – 2.5 are combined to 
establish the following algorithm:  

1) Set the two correction constants k1 and k2, where k1 > k2, and the 
threshold constant kb.  

2) Measure two consecutive loading conditions (Vi
L, Ii

L) and (Vi− 1
L ,

Ii− 1
L ), and compute Emin

Th using (9).  
3) Identify the sign of β using the approach in Section 2.4, set ETh =

Emin
Th in (8), and compute Emax

Th using (9).  
4) If i = 1, compute E0

Th = Eavg
Th , using (5) and (9),  

5) Set Eaux = Ei− 1
th .  

6) Compute Xi from (Vi− 1
L , Ii− 1

L ), Xi
pert from (Vi

L, Ii
L), using (3), (4) and 

Eaux, then ΔXTh = Xi
pert − Xi.

7) Compute the increment δETh =

{
Eauxk1, if ΔXTh > kb
Eauxk2, otherwise , and then 

E+ = Eaux +δETh and E− = Eaux − δETh.

8) Compute Xi
+ from (Vi− 1

L , Ii− 1
L ), Xi

pert+ from (Vi
L, Ii

L), using (3), (4) 
and E+.  

9) Compute Xi
− from (Vi− 1

L , Ii− 1
L ), Xi

pert− from (Vi
L, Ii

L), using (3), (4) 
and E− .  

10) Compute ΔXTh+ = Xi
pert+ − Xi

+ and ΔXTh− = Xi
pert− − Xi

− .  
11) Check the following conditions:  

a. If ΔXTh+ < ΔXTh, then set Ei
th = E+.  

b. Else, if ΔXTh− < ΔXTh, then set Ei
th = E− .  

c. Else, set Ei
th = Ei− 1

th .  
12) Compute βi and Xi

Th, using (3), (4), and Ei
Th.  

13) Increment i and go back to step 2. 

In this way, the minimization of ΔXTh is pursued, and the smaller the 
values acquired by this quantity, the closer the Thévenin parameters will 
be to its convergence. 

Besides its ability to properly estimate for all four quadrants in Fig. 2 
in real-time, this approach has the additional advantage of having an 
adaptive correction for Ei

th, updated with two proportionality constants 
k1 and k2, which are chosen based on the estimation error ΔXTh in each 
iteration. The idea is to use k1 when the estimated Thévenin parameters 
are far from the actual values, when larger values for ΔXTh will be 
computed, and k2 when the estimation gets closer to convergence and 
ΔXTh is smaller. This feature achieves, faster convergences with less 
oscillatory response [16], whether from the initial condition as well as 
when there are sudden topological changes, or overexcitation limiter 
action. This feature improves the proportional increment ka employed in 
the adaptive approach. The values for k1 and k2 are supposed to be in the 
same range proposed in [16], i.e., 0.0001 to 0.001, and kb is the 
threshold that defines whether k1 or k2 will be chosen. 

If the estimation occurs on boundary buses such as in Fig. 3 or Fig. 6, 

the approach described in Section 2.5 should be employed for the 
computation of VL and IL in each iteration. 

3. Voltage stability margin indexes 

For voltage stability assessment we propose two voltage stability 
margin indexes: the power transfer stability margin (PTSM) that relies 
on the estimation of Thévenin parameters, an equivalent-based index, 
and the critical voltage margin (CVM), a data-driven index, which only 
requires the measurement of current magnitude and active power from 
the system to be evaluated. 

3.1. Power transfer stability margin 

The power transfer stability margin (PTSM) is defined as: 

PTSM =
Pmax − PL

Pmax
= 1 −

2PLXTh(1 + sin(θ))
E2

Thcos(θ)
(12) 

where Pmax is the maximum power transferable to the load. The 
expression (12) was simplified from the well-known expression for the 
maximum power, under the assumption of RTh = 0 and θ is constant: 

Pmax =
E2

Thcos(θ)
2ZTh(1 + cos(θ − φ))

=
E2

Thcos(θ)
2XTh(1 + sin(θ))

(13) 

where φ is the Thévenin impedance angle, which is equal to π/2 
when RTh = 0. 

If there is no active power flow through the bus PTSM is equal to 1. If 
the maximum power transfer is achieved, PTSM is equal to 0, which 
means there is no margin, and the operating point is the tip of the nose 
point of the PV curve. PTSM is the primary index, which shows how 
stressed the system is for the whole range of operating conditions since it 
directly reflects an active power margin. 

3.2. Critical voltage margin 

Denote the critical Thévenin voltage Ecr
Th as the Thévenin voltage that 

corresponds to the situation when the squared sending end reactive 
power (ETh side from Fig. 1) is equal for two consecutive measurements 
(
Qi− 1

S

)2
=

(
Qi

S

)2 (14) 

Under the assumption of RTh = 0 there are no active power losses 
(PS = PL) and Q2

S = S2
S − P2

S = S2
S − P2

L . Equation (14) can be expressed 
using Ecr

Th as 
(
Ecr

Th

)2( Ii− 1
L

)2
−
(
Pi− 1

L

)2
=

(
Ecr

Th

)2( Ii
L

)2
−
(
Pi

L

)2 (15) 

Solving (15) for Ecr
Th yields 

Ecr
Th =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
Pi

L

)2
−
(
Pi− 1

L

)2

(
Ii

L

)2
−
(
Ii− 1

L

)2

√
√
√
√ (16) 

Fig. 7. The Kundur 2-area system.  
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The critical voltage margin is defined as the squared critical Théve
nin voltage 

CVM =
(
Ecr

Th

)2
=

(
Pi

L

)2
−
(
Pi− 1

L

)2

(
Ii

L
)2

−
(
Ii− 1

L
)2 (17) 

The critical Thévenin voltage is squared to avoid complex values for 
the margin and to allow it to be negative. A positive value of CVM 
corresponds to the upper portion of the PV curve (before the tip of the 
noses in Fig. 5), a negative value of CVM corresponds to the lower 
portion of the PV curve (after the tip of the noses in Fig. 5), and the zero 
value of CVM corresponds to the maximum power transfer point of the 
PV curve. The major advantage of this margin index is that it is just 
based on the PMU measurements and does not require any other in
formation. CVM is the secondary index, which does not directly reflect 
the active power margin, but is more responsive in comparison to PTSM 
when the system is closer to the voltage instability inception. Thus, it is 
useful to compute both: PTSM to track real-time system stressing con
dition, and CVM to pinpoint the actual voltage instability moment. 

4. Case studies 

4.1. Kundur 2-area system 

To demonstrate the new adaptive approach improvements and its 
accuracy in estimating the Thévenin parameters, even when the equiv
alent load is capacitive, i.e., lies in Quadrant 3 or 4 of Fig. 2, the 2-area 
system [22] is considered (see Fig. 7). Moreover, from this system, it is 
possible to evaluate the ability of the proposed approach to estimate 
Thévenin equivalents for both sides with respect to a boundary bus, 
using the same disturbance data, which is an issue raised by [11,12], 
where authors mention that approaches based on curve fitting, e.g., 
based on the least-squares error minimization, are only able to estimate 
one of the sides, which is called “stable side”. 

This system is symmetrical with two generators located in each area. 
The dynamic data used for this system are found in [23], and the system 
base power is 100 MVA. 

The evaluated scenario represents a positive ramping of power in 
Load 14, and an equal amount is decreased from Load 4 simultaneously, 
having for the base case condition the complex powers of SL14 = 8.8+

0.71 pu, and SL4 = 3.7+ 0.5 pu, respectively. This action increases the 
flow from bus 3 in Area 1 to bus 13 in Area 2 until voltage instability 
happens. The voltage phasor as well as the active and reactive power are 
measured at bus 101 (the boundary bus). Those measurements are 
recorded at a sampling rate of 20 ms and used as PMU measurements. 

For this case, as multiple lines are arriving at bus 101, for every new 
pair of measurements, the equivalent active PL and reactive QL powers 
need to be computed through the approach described in Section 2.5, 
before computing the equivalent VL and IL using equation (11). 

To show the improvements provided by the proposed approach, two 
other methods will also be considered, namely the adaptive approach 
[16] and the recursive least-squares algorithm (RLS) [20]. 

From Fig. 8, one can verify that the proposed approach converges to 
a reactance value close to 0.093 pu. The RLS approach converges to an 
estimated value of − 0.085 pu, which is the negative of the Area 2 
Thévenin reactance, indicating that Area 1 is the changing side ac
cording to [11]. The adaptive approach does not converge to the actual 
value since the equivalent load is capacitive. For the given scenario, only 
the proposed approach can properly identify the actual equivalent pa
rameters from Area 1, which shows its robustness against the other 
presented methods. 

For estimating Area 2 parameters, the previously computed load 
current IL will be reversed, i.e., the considered phasors will be VL and 
− IL. 

Fig. 9 shows that the three approaches converge to a value close to 
0.085 pu. The positive value of the Thévenin reactance obtained from 

Fig. 8. Thévenin reactance of Area 1.  

Fig. 9. Thévenin reactance of Area 2.  

Fig. 10. Relationship between|XL|,XTh andβ.  
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the RLS approach reflects that Area 2 is the stable side [11], and the 
accurate convergence for the adaptive approach occurs because the 
equivalent load becomes inductive after using − IL instead of IL. 

Fig. 10 shows the computed β when estimating Area 1 parameters. 

For this case, the approach in Section 2.4 needs to be employed since the 
equivalent load has a capacitive characteristic (Quadrant 4 in Fig. 2). 
One can verify that before 22.5 s, β is negative, and |XL|〉XTh. When β 
becomes positive, which occurs after 22.5 s, |XL| becomes smaller than 
XTh, showing the dependence of the β sign on the reactive compensation 
provided by the load impedance. 

The voltage stability margin based on the estimated Thévenin pa
rameters, equation (12), and the margin based only on PMU measure
ments, equation (17), are shown in Fig. 11(a). One can verify that both 
move toward zero as the actual power system margin decreases. Because 
the equivalent load power factor is not constant during the simulation 
time span (see Fig. 11(b)), PTSM reaches the value of 0 a little later than 
the maximum power instant. However, CVM reaches 0 exactly at the 
maximum power transfer point. 

For real-world applications, it is practical to set a margin threshold, 
for example, 0.05 pu, and trigger corrective actions when the margin 
becomes smaller than the threshold. For both case studies PTSM reaches 
0.05 earlier than CVM giving more time for the corrective actions, while 
CVM provides an accurate estimation of the MPT point. As mentioned in 
Section 3, utilization of both margins is suggested as it makes voltage 
stability assessment more robust. Because the margin threshold is a 
relative quantity, the aforementioned reference value may apply to 
systems of any size. 

4.2. IEEE 39-bus system 

To evaluate the proposed approach performance in a larger power 
system, where voltage instability occurs, considering the existence of 
non-linear loads and control actions, the well-known New England 39- 
bus system, representing part of the US Eastern Interconnection 
network, is considered. The system has 10 generators and is shown in 
Fig. 12. The scenario of the load increase from [22] is simulated. Loads 
are modeled as constant power loads. Load 8 is increased by 10 MW/s 
keeping the power factor constant until voltage instability occurs. The 
voltage magnitude and angle at bus 8, active and reactive power on lines 
connected to bus 8 (lines 8–5, 8–7 and 8–9) are recorded at a rate of 30 
measurements per second and used as PMU measurements. Equivalent 
active and reactive power are calculated using (10) and used in the 
proposed approach to estimate the Thévenin parameters. The estimated 
Thévenin reactance together with the equivalent load impedance are 
shown in Fig. 13. 

From Fig. 13 one can verify that at about 3.8 s the reactance esti
mated by the proposed approach (XProp) converges to the actual value, 
approximately equal to 0.02 pu, and this is subject to two changes in its 
value throughout the simulation time span, one at about 60 s and the 
second one at about 150 s. These changes properly happen since the 
generators G2 (bus 31) and G3 (bus 32) reach their over-excitation limits 

Fig. 11. Voltage instability indexes for the varying power factor case: PTSM and CVM.  

Fig. 12. IEEE 39-bus system.  

Fig. 13. Estimated Thévenin reactance from bus 8.  
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just in those times, and accordingly, the actual equivalent reactance 
from bus 8 increases in each event once those generators lose terminal 
bus voltage control and the internal machine reactances also become 
part of the equivalent Thévenin reactance. These updating actions of 
XProp reflect that the proposed approach properly responds to the control 
loop actions from the network. 

Fig. 13 also indicates that the estimated Thévenin reactance XProp 
properly tracks the MPT, since its impedance matches with ZL (at 171.5 
s) just before the load active power PL reaches its peak (at 172.9 s). 

The accurate performance of the proposed approach is confirmed by 
Fig. 14(a), showing the equivalent active power PL, against the 
maximum power from (13), computed using the estimated equivalent 
parameters from the proposed method. One can see that at the MPT 
PMax− Prop ≈ PL. 

For comparison, Fig. 14(b) extracted from [22], demonstrates the 
maximum power calculated using the classical Thévenin equivalent 
approach in [24] (PMaxOld) and the approach in [22](PMaxNew). Maximum 
powers calculated using approaches in [24] and [22] are far from the 
actual maximum power (around 11p.u.) for most of the simulation 

length and only rapidly decrease near the time of voltage collapse. 
However, the maximum power calculated using the proposed approach 
in Fig. 14(a), for the given simulation, always provides maximum power 
estimation values closer to the actual one, in comparison with the 
approach in [22], Fig. 14(b). Thus, the proposed approach is more 
sensitive to the changing operating conditions, providing system oper
ators with improved situational awareness. 

In addition, PTSM and CVM margins are shown in Fig. 15, and both 
go towards zero as the system voltage instability approaches, showing 
the good accuracy of CVM, even not depending on the system parame
ters as PTSM. 

Through this simulation, it is shown the proposed approach can 
properly track limit induced bifurcation scenarios, e.g., due to over- 
excitation limiter action as discussed in [22], which were cited in [15] 
and [7] as circumstances not possible to be tracked by Thévenin 
equivalent-based approaches for voltage stability analysis. The proposed 
approach can properly capture system nonlinearities, and hence it is 
applicable to voltage stability assessment purposes. 

Fig. 14. Comparison of active power limits from [22] and proposed approach.  

Fig. 15. Voltage instability margins: PTSM and CVM.  
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5. Conclusions 

The proposed extended adaptive approach is able to accurately es
timate the Thévenin equivalent parameters seen from any transmission 
bus, in real-time, regardless in which quadrant of PQ-plane the evalu
ated PMU measurements lie in and provides accurate parameters esti
mation of both sides of a measurement bus using the same disturbance 
data, thus solving the limitations from [16] pointed out in Section 2.2. 
Consequently, the method accurately tracks the system voltage stability 
margin through PTSM index, which is based on the Thévenin equivalent 
parameters, even for limit-induced bifurcation scenarios. 

The consistent and reliable performance is achieved through the 
improvement of the adaptive approach, using a method to properly 
detect the sign of the Thévenin voltage angle (β) and to properly adapt 
the Thévenin parameters estimation for each set of two consecutive PMU 
measurements, correctly updating Thévenin parameters in diverse 
loading conditions. 

Finally, the developed voltage stability margin index based just on 
PMU measurements, the CVM, has provided accurate results, acting as a 
relevant complement to the PTSM index in pinpointing the actual MPT, 
mainly for cases in which the load power factor varies in the evaluated 
time window. 

The proposed approach has been developed for long-term voltage 
stability assessment purposes. Nonetheless, it can be employed for any 
other application that requires accurate knowledge of the Thévenin 
equivalent parameters in real-time as well as in offline analysis. 
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Appendix A 

A.1. ΔXTh to update Thévenin parameters during estimation 

Considering (4) written for an overestimated Thévenin voltage (Eover), an underestimated voltage (Eunder), and its actual value (Eactual), for one 
loading condition. This will yield three expressions for the Thévenin reactance, namely Xover, Xunder, and Xactual. 

Subtracting Xover and Xunder from Xactual, the true deviations between the over and underestimated Thévenin reactance are obtained, respectively, by 

ΔXover =
(Eoversinβover − Eactualsinβactual)

IL
(A1)  

ΔXunder =
(Eundersinβunder − Eactualsinβactual)

IL
(A2) 

As Eover > Eactual > Eunder, one can verify that Eoversinβover > Eactualsinβactual > Eundersinβunder. Thus, it is possible to state that the deviations regarding the 
Thévenin reactance will always have opposite signs in terms of an over- or under-estimated value set for ETh. If β is positive, (A1) is positive and (A2) is 
negative, and if β is negative, possible for capacitive loads, (A1) becomes negative and (A2) is positive. Moreover, the key information used in the 
developed algorithm is that the smaller the absolute value computed by (A1) or (A2) yields an estimated ETh closer to the actual value. 

In Section 2.5, ΔXTh is computed as the difference between two consecutive estimated XTh (4) from two consecutive loading conditions with ETh 
constant. Nonetheless, the same pattern regarding the sign is observed, and the minimization of ΔXTh is pursued through the iterations. 

A.2. Simplified versus original equations for ΔXTh 

The expression (A1) from [16] is employed to quantify the vector error between the estimated (Eest
Th) and actual (ETh) values for the Thévenin 

equivalent voltage, also described below 

ΔEvect
Th = Eest

Th − ETh = jΔXThIL (A3) 

where ΔXTh = Xest
Th − XTh is the difference between the estimated and actual values for the Thévenin reactance. The phasor diagram in Fig. A1 shows 

the positions of the actual and estimated Thévenin voltages for the same loading condition (VL, IL), considering an overestimated Eest
Th. 
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The inner radius represents the vector placement of ETh, and the outward radius the placement of the overestimated Eest
Th. 

Using (A3) for two consecutive loading conditions and considering that the estimated voltage Eest
Th magnitude value is kept constant, one can write 

jΔXi− 1
Th =

ΔEvecti− 1

Th

Ii− 1
L

, jΔXi
Th =

ΔEvecti

Th

Ii
L

(A4) 

Subtracting the expression in (A4) yields 

Xesti
Th − Xesti− 1

Th = ΔXesti
Th =

ΔEvecti

Th

Ii
L

−
ΔEvecti− 1

Th

Ii− 1
L

(A5) 

If the error vector is considered constant between the “i − 1” and “i” measurements, (A5) becomes 

Xesti
Th − Xesti− 1

Th = ΔXesti
Th = ΔEvecti

Th

(
Ii− 1

L − Ii
L

)

Ii
LIi− 1

L
(A6) 

Equation (A6) is developed in [16] to state that the difference between the current magnitudes (or between the load impedances) is sufficient to 
establish the sign on the left side of this equation. Nonetheless, since the error vector magnitude actually is not kept constant when the loading 
condition is changed, but the error ΔElin

Th (Fig. A1), (A6) is still valid in defining the sign of ΔXesti
Th when the load variation between “i − 1” and “i” occurs 

keeping the load power factor constant. Table A1 shows the right sides (A5) and (A6) computed from Cases 1 and 2 found in Section 2.2.3. 
One can verify that the third column of Table A1 is equal to the seventh column of Table 1, showing the high accuracy of (A5) in computingΔXesti

Th . 
However, when (A6) is used for Case 1, it will compute a value with a proper sign, even though the value is not accurate. However, for Case 2, when the 
power factor of the load varies, this expression fails to provide the proper sign, and therefore, the updating decision is no longer correct. 
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