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Abstract—The growing need and interest in real-time monitoring
of large distribution networks motivated by the rapid population
of renewable sources, EVs and etc. demand a computationally
efficient state estimation framework. This article presents an im-
proved computational framework for implementing a robust state
estimator using a multi-core processor. The main contribution of
the article is the proposed computational framework along with two
partitioning strategies which enable fast and robust state estimation
for large scale radial and/or meshed distribution systems. Formula-
tion of the proposed method and its implementation are described
in detail. Performance of the estimator is tested by simulations first
using a small 84-bus radial distribution system. Then the method’s
scalability is demonstrated by simulations on two very large scale
distribution networks one configured radially and the other meshed
each containing over 12 500 buses.

Index Terms—Clustering, distributed estimation, network
partitioning, parallel processing, state estimation.

I. INTRODUCTION

R ECENT increase in the penetration of renewable energy
sources along with energy storage technologies changes

requirements on the configuration, monitoring, control and se-
cure operation of distribution networks. The existing radial and
centralized infrastructure of distribution networks with unidi-
rectional power flows towards passive loads is being trans-
formed into the so-called “intelligent grids” taking advantage of
innovative measurement devices, distribution system automa-
tion, advanced power electronics, and other advanced technolo-
gies [1]. One of the significant requirements of the transfor-
mation is the real-time monitoring of the system via a robust
and computationally efficient distribution system state estimator
(DSSE) [2]. There are DSSE techniques adapting transmission
system state estimation to distribution network where [3] was the
first proposing node voltage based DSSE, [4] yields the branch
current based DSSE, [5] utilizes branch power based DSSE,
and [6] proposes change of state variables to develop DSSE.
DSSE based on evolutionary algorithms are also presented in the
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literature using artificial neural network [7] or fuzzy logic [8].
These DSSE algorithms should be scalable as the distribu-
tion system sizes grow and network models become large and
complex.

As the system size and model complexity grow in the past
decades, methods exploiting implicit parallelism in implemen-
tation of the state estimation solution have been investigated [9],
[10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21],
[22], [23]. The challenge common to all the proposed methods
are twofold: 1) strategic partitioning of the system and 2) main-
taining robustness against bad data. Partitioning of the system
is critical since the largest zone will inadvertently constitute
the bottleneck dictating the limit on the overall solution cpu
time assuming parallel state estimation (SE) executions for each
zone. Hence, partitioning is expected to yield zones as evenly
sized as possible. On the other hand, when solving SE for a
given zone, certain measurements incident to zone boundaries
will have to be discarded weakening the local redundancy and
thus bad data processing capability at the zone boundaries. A
boundary bus is defined as a bus having at least one neighboring
bus belonging to another zone. Buses which are not boundary
buses are designated as internal buses.

In [10], a multi-level SE framework is introduced by de-
coupling the SE solution according to the voltage level of the
network. A multi-area SE solution is described in [11], [12].
While the approach works without any PMU measurements,
having at least one PMU per area facilitates the coordination
level computations. A local SE is executed for each area, then
a centralized coordinator estimator is executed to estimate re-
sultant system states and also detect any bad data missed by
individual area SE. This work does not provide any specific
partitioning strategy but uses the existing utility zones for the
system.

In [13], a central coordinator receives the local estimation
results of non-overlapping areas or subsystems partitioned based
on a geographical basis. Similarly, the authors of [14] use the
estimation results of multiple geographically partitioned non-
overlapping areas, and the concept of switching communication
graphs to ensure all area’s local estimates converge to the global
least square estimate with probability 1. Based on the alternat-
ing direction method of multipliers, a systematic cooperation
between local control centers is proposed in [15] where its
convergence is guaranteed regardless of local observability or
parameter tuning; however, network partitioning is assumed to
be given. Some researchers focus on convergence issues in very
large scale networks [16], [17]. There may be special cases
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where the estimation problem may become ill-conditioned due
to the highly different weights used for measurements. In [16]
a gradient algorithm is implemented in a hierarchical manner
when the distribution network is divided into multiple areas
featuring sub-tree topology. The approach developed in [17]
allows detection, identification, and isolation of the anomaly
during the state estimation solution so that a large percentage
of the system states can still be estimated, while isolating the
subsystem containing the anomaly causing the divergence.

Further DSSE related partition methods to optimize the SE
performance are presented in the literature. The authors of [18]
exploit highly accurateμPMU devices and apply machine learn-
ing tools to train neural networks for a given set of already
installed measurement units to partition the system using the
vertex-cut method. In [19], an optimal partitioning approach
is proposed by using community discovery algorithm to cre-
ate overlapping areas with the objective of reducing the com-
plexity of the information exchange between areas. [20] em-
ploys branch-line layer method which layers branches by their
topological locations. The method considers PMU deployment
by postorder-traversal algorithm which belongs to depth-first
search method; thus, the method may not be computationally
feasible for very large scaled networks. Affine Propagation
Clustering Algorithm is used in [21] where optimal clustering
center dynamically changes to optimize partition in an iterative
manner.

The computational framework proposed in [22] is based on
multiple copies of the network and uses different partitions in
each copy. Assuming available PMU measurements in each zone
a parallel and robust estimation solution capable of rejecting bad
data is developed. However, partitioning is carried out using a
simple strategy which makes the approach vulnerable to highly
inefficient implementations based on the given system and mea-
surement configuration. In [23], a two-stage multi-area SE for
distribution system is proposed using an optimal partitioning
algorithm. While a local SE is executed for each sub-area at the
first stage, information exchange is achieved in the second stage;
however, bad data detection is not addressed.

The main contributions of this article are given below.
� Design of effective partitioning algorithm to enable im-

plementation of scalable state estimation solution for very
large systems.

� Implementation and experimental validation of strategic
partitioning algorithms which facilitate computationally
efficient state estimation solution for large scale networks.

� Improvement of the method in [22], where the entire
system is partitioned, and solved in each copy whereas
in the proposed approach, only a single strategic zone is
created and solved in each additional copy, eliminating
unnecessary computations significantly improving overall
computational performance.

� Facilitating monitoring of large scale networks in real-time
by making the SE execution time nearly independent of
system size where required number of processor cores are
also minimized.

The article is organized as follows. Section II describes for-
mulation of the SE problem, parallel SE framework, steps of

Fig. 1. Sample power network partitioned using two different configurations.

proposed partitioning algorithms. Section III presents the simu-
lation results for strictly radial and meshed networks containing
over ∼12 thousand buses. Conclusions are drawn in Section IV.

II. THE PROPOSED METHOD

The most commonly implemented and used SE algorithm in
control centers is the Weighted Least Squares (WLS) based SE.
It is also the least robust method against measurement errors,
yielding biased estimates even in the presence of single bad
data [24]. Although there are effective post estimation bad data
processing tools [25], [26], they are computationally expensive
and thus not widely popular. To avoid bad data vulnerability,
this work will employ Least Absolute Value (LAV) based SE
algorithm due to its automatic bad data rejection capability [27].
A brief overview of LAV based SE formulation will be given in
Section II-A.

The primary goal of the proposed Massively Parallel Dis-
tributed (MPD) SE is to make the computation time of the
estimation almost independent of the system size. To this end,
the power network is partitioned into zones where each zone
executes its own local SE. However, this approach inadvertently
weakens measurement redundancy at the one boundaries due to
the unusable measurements incident to more than one zone. The
undesirable impact of this is the increased possibility of missing
bad measurements incident to boundary buses. A boundary bus
may have neighboring buses belonging to other zones, while an
internal bus has all its neighbors in the same zone. In Fig. 1(a), a
sample network is partitioned into 2 zones where buses 1,2,7,8
are the boundary buses. Measurements on branches 1 and 5 will
not be used by the local estimators in either zone.

The impact of reduced redundancy caused by the system
partitioning can be addressed as follows. Since, unlike the mea-
surements incident to boundary buses, measurements incident
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to internal buses will not be affected by system partitioning,
multiple copies of the system will be generated where it is
ensured that each bus is an internal bus in at least one copy of the
system. Using a different partitioning in Fig. 1(b), measurements
on branches 1 and 5 will now be included in the respective local
estimations.

As evident from the above simple case, successful imple-
mentation of this approach is closely linked to cleverly tai-
lored partitioning algorithm. To minimize the computational
burden, a strategical partitioning algorithm is developed. While
Algorithm 1 is proposed for partitioning of radial structured
networks, Algorithm 2 is developed for partitioning of meshed
networks. Both of the algorithms aim to partition the system
as evenly as possible while minimizing the number of bound-
ary buses. Moreover, unlike the approach of [22], SE will
be executed for only a single strategically selected zone in
each additional copy. The aim of Algorithm 3 is to generate
a minimum number of system copies while ensuring that each
bus is an internal bus in at least one copy. Formulation and
structure of MPD SE is presented in Section II-B. The details of
Algorithms 1–3 are given in Section II-C, II-D and II-E.

A. Formulation of LAV Based SE

A brief overview of the LAV estimation formulation will
be included here for completeness. Consider the measurement
equations for a given power system:

z = h(x) + ε (1)

where z is the (m× 1) measurement vector, x is the (ns × 1)
state vector, ε is the (m× 1) measurement error vector, h(.) is
the nonlinear function relating states to measurements, ns is the
number of system states, m is the number of measurements.
LAV-based state estimation problem can be formulated as [27]:

min

m∑

i=1

|ri| (2)

subject to zi = hi(x) + ri

where, ri is the residual of ith measurement, i.e., ri = zi −
h(x̂i). Using the first-order approximation of hi(x

0) around x0,
the problem can be rewritten as a sequence of linear program-
ming (LP) problems as:

min cT · Y
A · Y = b

Y ≥ 0 (3)

where;
A = [H,−H, I,−I],
cT = [0n, 0n, 1m, 1m],
b = Δz,
0n: (1× n) vector of “0”s where n is the number of states,
1m: (1×m) vector of “1”s where m is the number of mea-

surements
H : the Jacobian matrix.

B. Massively Parallel Distributed (MPD) SE Framework

The primary goal of the parallel distributed implementation
of the robust LAV estimator is to make the computation time of
the SE almost independent of the system size. This can be ac-
complished by first partitioning the network into multiple zones
where the solution of each zone will be executed separately.

The flowchart of the overall MPD SE algorithm is given
in Fig. 2. As shown in the flowchart, different partitioning
algorithms are employed depending on the system topology.
Once the original copy of the system is partitioned into n0 zones
using either Algorithms 1 or 2, additional system copies are
generated using Algorithm 3. The reasoning behind the use of
two different partitioning algorithms and their details are given
in the following sections.

In the original (first) copy of the system, the system is
partitioned into multiple zones; however, only one strategic
zone is created in each of the remaining copies to minimize
the computational burden. In other words, the buses which are
located outside of the strategic zone in the additional copies are
disregarded to avoid unnecessary computations. The details of
Algorithms 1, 2, and 3 are given in the following sections. Total
number of independent SE runs will be the total number of zones
in all copies. The total number of zones,nzones, is determined by
the summation of the number of zones in the original copy and
the number of additional copies of the system as given below:

nzones = (n0) + (ncopies − 1) (4)

where ncopies is the total number of copies, and n0 is the number
of zones in the original (first) copy.

Following system partitioning, the formulation of the SE
needs to be modified. Once the power network is partitioned
into zones, each zone will execute its own SE with local mea-
surements. The LAV-based SE problem of (3) is solved for all
zones in all copies as nzones independent sub-problems.

min cTc/z · Yc/z

Ac/z · Yc/z = bc/z

Yc/z ≥ 0 (5)

Ac/z = [Hc/z,−Hc/z, I,−I],
cTc/z = [0nc/z

, 0nc/z
, 1mc/z

, 1mc/z
],

bc/z = Δzc/z where zc/z is the local measurement vector
in copy c zone z,
0nc/z

: (1× nc/z) vector of “0”s where nc/z is the number
of states in copy c zone z,
1mc/z

: (1×mc/z) vector of “1”s where mc/z is the number
of measurements in copy c zone z,
Hc/z : the Jacobian matrix for copy c zone z.
Since there are multiple estimates of the states in different

copies, the resultant estimate is obtained by taking the mean
value of only the estimates of internal buses in each copy as
shown in (6). This yields a robust estimate of the system state,
free of gross errors.

x̂i = (1/n∗
zones) ·

n∗
zones∑

c=1

xc
i,internal (6)
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Fig. 2. Flow Chart of the MPD SE procedure.

where xc
i,internal is the estimation of the state of an internal bus

in copy c, and n∗
zones is the number of zones that xi is the state

of an internal bus.

C. Partitioning Fully Radial Systems (Algorithm 1)

The aim of this partitioning algorithm is to obtain (n0) zones in
the original copy of the system in such a way that the sizes of the
zones are approximately equal while minimizing the number of
boundary buses. If the sizes of the zones differed significantly,
the processors would be used inefficiently. In other words, as
the largest zone determines the computation time of the SE, the
objective is to minimize the size of the largest zone. Furthermore,
number of boundary buses determines the required number of
additional system copies.

Conventionally, a graph search based method is used to parti-
tion any graph into zones; however, in this work, a new method
which exploits the radial structure of the system is developed.
Removal of any branch in a radial network will split the system
into two islands, considering the number of radial branches is
always one less than the number of buses. Therefore, instead
of using a computationally complex graph-based method that
is not capable of partitioning the graph into similar-sized sub-
networks, a new iterative partitioning algorithm is developed.

The pseudo-code of the developed partitioning algorithm is
given below as Algorithm 1. The algorithm finds the branch
whose removal minimizes the size difference of two islands.
Once the original network is divided into two sub-networks, the
process is applied to each sub-network resulting their partition-
ing into two smaller sub-networks. This process can be repeated
until the network is divided into at least n0 zones. Note that
repeating the process n times will yield 2n zones. Hence, the
system will be partitioned into n′

0 zones which is equal to n0

rounded up to nearest power of two or simply n0 if log2(n0) is
an integer.

D. Partitioning Meshed Systems (Algorithm 2)

Given that configuration of distribution systems are also
changing from strictly radial to partially meshed structures,
Partitioning of meshed systems may be considered as a minimum
cut problem since removal of a minimum number of branches
will also minimize the number of boundary buses. A fast k-way
partitioning algorithm which minimizes the cost of cutting an

Algorithm 1: Fully Radial Partitioning(N , n0).
Require: N : network topology, n0 : number of zones at
the original copy of the system,

Ensure: N1
k and N2

k are the two islanded sub-networks of
Nk where k is the number of sub-networks in Nk.

1: nz = 1 �Set number of zones to 1
2: while nz ≤ n0 do
3: for j ∈ k do
4: branch−m = minm/∈Nj

(size(N1
j )− size(N2

j ))
�Find branch-m whose removal minimizes the

size difference of two sub-networks
5: remove branch−m
6: end for
7: nz = nz × 2
8: end while
9: return Nnz

Algorithm 2: Ring Partitioning (N , n0).
Require: N : network topology, n0 : number of zones at
the original copy of the system,

Ensure: Nk is the network with k-many sub-networks
1: Construct graph using N
2: Get coordinates of buses from graph
3: Execute graph-based-partitioning for n0 zones
4: return Nn0

edge is proposed in [28]. This algorithm is used as a graph-based
partitioning algorithm. The drawback of the minimum cut k-way
partition algorithm is that it yields unevenly sized zones. To use
the graph-based partitioning algorithm, a graph is constructed
using MATLAB’s built-in functions and system topology. The
coordinates of the buses are obtained using the constructed graph
in MATLAB environment as shown below as Algorithm 2.

E. Generating Additional System Copies (Algorithm 3)

Once the original copy of the system is partitioned into zones,
loss of certain measurements incident to boundary buses leads
to reduced redundancy at the zone boundaries which may affect
the robustness of the estimator. Generation of additional system
copies aims to ensure that each bus is an internal bus in at least
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Algorithm 3: Generation Algorithm of Zones in the Addi-
tional System Copies (N , Nb, maxzone).

Require: N : network topology, Nb : list of boundary
buses, maxzone : the size of the largest zone in copy 1.

Ensure: Nc is the zone generated in copy c
1: c = 1
2: while Nb �= ∅ do
3: select bus = Nb(1)
4: sz = 1 �Set the size of the zone to 1
5: Nc = neighbor(bus) �Find all buses incident to the

selected bus
6: while sz ≤ maxzone do
7: Nc = Nc ∪ neighbor(Nc)
8: calculate sz = size(Nc)
9: end while

10: find internal bus list, Ninternal,c, in the Nc,
11: remove Ninternal,c ∩Nb from Nb

12: c= c + 1
13: end while
14: Delete redundant copies if any
15: return Nnz

one copy of the system. Instead of partitioning the additional
copies into multiple zones, only one strategic zone is created in
each additional system copy.

The steps of the algorithm generating the strategic zones are
described below as Algorithm 3. System topology, boundary
bus list, and size of the largest zone in the original copy are the
inputs used for Algorithm 3. Bus list representing the desired
strategic zone is initialized by selecting any bus from the list
of boundary buses. The list is incrementally enlarged by adding
neighbors of the buses already included in the strategic zone.
The enlargement procedure is continued until the size of the
strategic zone reaches the size of the largest zone in the original
copy. Once the construction of the strategic zone is completed,
any existing internal buses in the current copy of the system are
removed from the boundary bus list. Then, new system copies
are generated in the same manner until the boundary bus list
is empty. Furthermore, there might be redundant copies where
all of the buses are internal buses in at least one copy. Such
redundant copies are detected and deleted in the end to eliminate
unnecessary computations.

III. SIMULATIONS

Computational performance and robustness of the developed
estimator and associated partitioning algorithms are evaluated
by extensive simulations. Tests are carried out first using a
84-bus utility distribution system, followed by a very large-scale
network (VLSN) containing 12589 buses. Two versions of the
VLSN are created, the original meshed network and its radial
version which is formed by removing all loops form the original
meshed version. Impact of varying number of zones in network
partitioning on the cpu performance of the MPD SE is shown
by simulations. Computation times corresponding to the con-
ventional centralized SE solution are also provided to contrast

Fig. 3. Real world network with 84 buses visualized in MATLAB environ-
ment.

Fig. 4. The network partitioned into (a) 2 zones, (b) 4 zones.

them with those observed for the proposed approach. All tests
are conducted in MATLAB environment using Intel(R) Core i7
2.30 GHz computer with 16 cores.

As indicated above, original meshed VLSN is converted into
a strictly radial network by removing certain branches (to avoid
loops) to test the scalability of the proposed method in large
radial networks.

A. 84 Bus Radial Network

A 84-bus strictly radial utility distribution network whose
network graph is constructed in the MATLAB environment to
visualize the network is shown in Fig. 3. As a first step, the
original copy of the network is partitioned into 4 zones using
Algorithm 1. Fig. 4(a) illustrates how removal of branch 23 – 25
splits the network into two zones first, followed by the second
partitioning which results in a total of 4 zones shown in Fig. 4(b).

Once the original copy is partitioned into pre-defined n0

zones, the boundary buses are marked so that Algorithm 3 can
be executed to create additional system copies. In this case, three
additional system copies are generated to ensure that each bus
is an internal bus in at least one copy. The sizes of each zone
in every copy are given in Table I where the zones created
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TABLE I
SIZE OF EACH ZONE IN EVERY SYSTEM COPY

TABLE II
COMPUTATIONAL PERFORMANCE OF MPD AND CENTRALIZED SE SOLUTION

Fig. 5. (a) Copy 1 (Original Copy), (b) Copy 2, (c) Copy 3, (d) Copy 4 of the
network partitioned into 4 zones.

in the additional system copies are strictly smaller than the
largest zone in the original copy. The 4 zones of the original
copy are indicated by different colors in Fig. 5(a) whereas
the strategic zones of Copy 2,3,4 are shown in Fig. 5(b)–(d),
respectively.

MPD SE is executed with the proposed zone partitioning
algorithm, and computational performance is shown in Table II.
The resultant computation time of the MPD SE with 4 zones
in the original copy is determined by the largest zone (Zone
1 of Copy 1). Comparing 0.0031 sec. of the proposed method
with 0.0111 sec. of the centralized solution, a clear but modest
(one third) reduction in cpu time is observed by partitioning the
system into 4 zones. In the following sections, much larger size
networks will be tested to evaluate the scalability of the method
in more realistic meshed or radial networks.

Fig. 6. Radial Structured VLSN Visualized in MATLAB environment.

Fig. 7. (a) Copy 1 (Original Copy), (b) Copy 2 of Radial Structured VLSN
partitioned into 4 zones.

B. 12589 Bus Radial Network

A strictly radial network with 12589 buses is used to test the
scalability of the proposed method for large radial networks. The
radial VLSN is shown in Fig. 6. First, the system is partitioned
into 4 zones using Algorithm 1 and subsequent use of Algorithm
3 yields only one additional copy. The original copy and Copy
2 of the VLSN when n0 = 4 is illustrated in Fig. 7(a) and
(b), respectively. When the original copy is partitioned into 8
zones, three additional copies of the system are generated using
Algorithm 3, and all copies are shown in Fig. 8.
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TABLE III
COMPUTATIONAL PERFORMANCE OF MPD AND CENTRALIZED SE SOLUTION IN RADIAL VLSN

TABLE IV
COMPUTATIONAL PERFORMANCE OF MPD AND CENTRALIZED SE SOLUTION IN MESHED VLSN

Fig. 8. (a) Copy 1 (Original Copy), (b) Copy 2, (c) Copy 3, (d) Copy 4 of
Radial Structured VLSN partitioned into 8 zones.

As shown in Table III, while the centralized SE solution
employs single core and solves SE in approximately 520 sec-
onds, cpu time decreases and the number of required processor
cores increases when the proposed partitioned method is used.
When the original copy is partitioned into 8 zones, a total of 11
cores is required where the total computational time is almost
1/120 of the centralized solution. When n0 is increased to 16
zones in the original copy, overall cpu time decreases down to
nearly a second. Note that by using Algorithm 1 instead of
graph search-based Algorithm 2, similar-sized zones are ob-
tained which reduces the computational time significantly. The
number of cores required for parallel processing is calculated
by the number of independent local SE runs in each case. When
the number of zones in the original copy is 8, in addition to

Fig. 9. Meshed Structured VLSN Visualized in MATLAB environment.

the 8 zonal SE solutions there will be 3 zonal SE solutions
corresponding to the 3 strategic zones created in the 3 additional
system copies. Thus, a total of 11 independent and parallel SE
solutions will be obtained by 11 processors.

C. 12589 Bus Meshed Network

Finally, the proposed method is tested using the original
meshed network with 12589 buses. The meshed configuration of
the VLSN is illustrated in Fig. 9. In this case, the original copy of
the network is partitioned into 5 zones using Algorithm 2 which
employs graph search-based partitioning. This is followed up by
applying Algorithm 3 which yields 5 additional copies as shown
in Fig. 10.

As given in Table IV the centralized SE solution using a single
core solves SE in approximately 580 seconds. The cpu time
decreases and the number of required processor cores increases
as the system is partitioned. While the original copy is partitioned
into 5 zones, a total of 10 cores is required where the total
computational time is almost 1/60 of the centralized solution.
If instead n0 is set equal to 20 zones in the original copy, cpu
time will decrease to nearly a second.

D. Assessment of Robustness Against Bad Data

Bad data rejection capability of the proposed method is ex-
perimentally validated first on the 84-bus radial network and
then using the 12K-bus meshed VLSN. Moderately redundant
measurement sets are used for both systems, and 100 Monte
Carlo (MC) simulations are conducted where a single gross error
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Fig. 10. (a) Copy 1 (Original Copy), (b) Copy 2, (c) Copy 3, (d) Copy 4, (e)
Copy 5, (f) Copy 6 of Ring Structured VLSN partitioned into 5 zones.

TABLE V
MSE UNDER UNBIASED/BIASED MEASUREMENT SET

is introduced to a randomly selected measurement. Mean square
error of the estimated states is recorded for each solution. Aver-
age of these MSE values for the 100 MC simulations with and
without gross errors are given in Table V. Given results strongly
support effectiveness of the proposed method in providing robust
solutions under random gross errors.

IV. CONCLUSION

This article presents a computationally scalable and statisti-
cally robust distributed state estimation framework for very large
scale networks. The developed approach is expected to facilitate
real-time monitoring of large complex distribution networks and

wide-area applications. The two partitioning algorithms that
are presented in the article enable efficient parallelisation of
computations both for radial and meshed networks. Simulation
results experimentally validate the main contribution of the
article, i.e. scalability and robustness against bad data of the
developed computational framework and associated estimator.
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